
cuCOSMA:
Near Optimal Matrix-Matrix
Multiplication in CUDA C++

Bachelor Thesis

Neville Walo

September 19, 2020

Supervisor: Prof. Dr. T. Hoefler
Advisors: Dr. N. Dryden, Dr. T. Ben-Nun, G. Kwasniewski

Scalable Parallel Computing Laboratory
Department of Computer Science, ETH Zürich



Abstract

Matrix-matrix multiplication is one of the most important routines
in scientific computing. Implementing this operation efficiently is a
complex challenge that that needs to take the memory model and ar-
chitectural details into account. There are several high-performance
matrix-matrix multiplication implementations for GPUs like cuBLAS,
CUTLASS and rocBLAS. However, none of them is optimal for all ap-
plications. Here we present our implementation of COSMA [31] on a
single GPU. Assuming that each matrix row is properly aligned and
that the matrix dimensions are available at compile time, we wrote a
matrix-matrix multiplication kernel that is faster than CUTLASS and
outperforms cuBLAS and rocBLAS in specific situations. Furthermore,
we integrated the findings of COSMA into a schedule generator, but
it showed that the communication volume alone is not the right met-
ric to choose tile sizes for GPUs and that other characteristics, such as
occupancy and L2 cache hit rate, also have a significant impact on per-
formance. Our results demonstrate that matrix-matrix multiplication
on GPU can be further improved, from which many applications can
benefit.
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Chapter 1

Introduction

Matrix-matrix multiplication is one of the most important operations in sci-
entific computing. It has many use cases in linear algebra, machine learning,
graph processing and computational sciences. The acceleration of this rou-
tine is therefore of great importance for many areas.

Distributing matrix-matrix multiplication efficiently, even within a single
GPU or CPU, is a complex challenge that needs to take the memory model
and architectural details into account. Libraries such as MKL and cuBLAS
provide optimized implementations of matrix-matrix multiplication. How-
ever, they are often only optimized for specific, mostly square, sizes, which
does not cover the full span of real-world workloads.

Optimizing matrix-matrix multiplication has already come a long way [27,
33, 28, 32, 29], but in 2019 a new competitor entered the field: COSMA [31], a
parallel matrix-matrix multiplication algorithm that is near communication-
optimal for all combinations of matrix dimensions, processor counts, and
memory sizes. It outperformed all established libraries and algorithms and
set a new record for the fastest distributed matrix-matrix multiplication on
CPUs. The key idea behind COSMA [31] is to derive an optimal sequen-
tial schedule and then parallelize it, preserving I/O optimality. Compared
to other 2D or 3D algorithms, which fix a processor decomposition in ad-
vance and then map it to the matrix dimensions, COSMA takes the matrix
dimension, processor counts and memory sizes into account to create an
I/O optimal schedule.

We generalize this approach to accelerate matrix-matrix multiplication on
a single GPU, which can be thought of similarly to a distributed system
with multiple processors and local and global memory. We assume that the
matrix dimensions and the specification of the GPU are known in advance
to generate an optimal schedule and that each row of a matrix was aligned
and padded accordingly.
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We provide the following contributions:

• A schedule generator which takes as input the matrix dimensions and
the specification of a GPU to produce communication optimal tile
sizes.

• A kernel written in CUDA C++ and HIP which performs an SGEMM
(Single precision GEneral Matrix Multiply) using tile sizes and matrix
dimensions which are known at compile time.

• An extensive performance evaluation on a NVIDIA Tesla V100 32GB
and AMD Radeon Instinct MI50 of cuCOSMA, CUTLASS [8], cuBLAS
[1], hipCOSMA and rocBLAS [26].
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Chapter 2

Background

This chapter presents the basics of matrix-matrix multiplication, the ap-
proach taken by COSMA, how to implement an efficient GEMM in CUDA
and the approaches by current state-of-the-art implementations.

2.1 Matrix-Matrix Multiplication

This section describes the challenges that arise when trying to implement a
parallel matrix-matrix multiplication and the solution proposed by COSMA.

Suppose a system with p processors, each with a fast memory of size S
(measured in how many elements of a matrix it can store) and unlimited
slow memory. The goal is to perform the following matrix-matrix multipli-
cation C = A ∗ B with A ∈ Rm×k, B ∈ Rk×n and C ∈ Rm×n. Further, assume
that S < min{m · k, k · n, m · n}, such that none of the matrices fit into a sin-
gle processor’s fast memory. Now the problem arises how to distribute the
multiplication among different processors.

As shown in Listing 2.1, a naive matrix-matrix multiplication has three for-
loops, each of which represents a dimension that could be decomposed.
Parallelizing the M and N dimension is easier in comparison to the K dimen-
sion. Listing 2.2 shows how the parallelization of the M and N dimensions
looks like when programming with OpenMP. Note that every processor re-
ceives a unique pair of i and j and it is therefore easy to parallelize. If the K
dimension is also split, the partial results must be reduced at the end, since
multiple processors might have the same pair of i and j. When moving on to
distributed computing, everything becomes more complicated, as now the
data itself has to be divided and distributed among the processors.

The question of how to decompose a matrix-matrix multiplication with p
processors has been raised for some time. For some special cases, such as
square matrices or the number of processors is a power of two, there were

3



2.1. Matrix-Matrix Multiplication

1 for (int i = 0; i < M; i++) {
2 for (int j = 0; j < N; j++) {
3 C[i][j] = 0;
4 for (int k = 0; k < K; k++) {
5 C[i][j] += A[i][k] * B[k][i];
6 }
7 }
8 }

Listing 2.1: Matrix-matrix Multiplication with 3 for loops.

1 # pragma omp parallel for collapse(2)
2 for (int i = 0; i < M; i++) {
3 for (int j = 0; j < N; j++) {
4 C[i][j] = 0;
5 for (int k = 0; k < K; k++) {
6 C[i][j] += A[i][k] * B[k][i];
7 }
8 }
9 }

Listing 2.2: Matrix-matrix Multiplication parallelizing the M and N dimensions.

already optimal solutions [27, 32]. Before COSMA there was no implemen-
tation that was optimal for all problem sizes and hardware configurations.

2.1.1 COSMA

This subsection briefly explains how COSMA (Communication Optimal S-
partition-based Matrix multiplication Algorithm [31]) works. However, it
will concentrate more on the surface and what is important for understand-
ing cuCOSMA instead of going into the mathematical details. For more
information see [31].

COSMA uses the following domain and grid size

Grid:
[

m
a
× n

a
× k

b

]
, Domain size: [a× a× b] , (2.1)

where

a = min

{
√

S, 3

√
mnk

p

}
, b = max

{
mnk
pS

, 3

√
mnk

p

}
. (2.2)

Kwasniewski et al. used the red-blue pebble game [30] to model matrix-
matrix multiplication dependencies and derived a tight sequential and par-
allel I/O lower bound proof. COSMA is I/O optimal for all combinations
of parameters up to the factor of

√
S/(
√

S + 1− 1). The schedule interpo-
lates between a 2D and a 3D schedule, depending on whether S is large
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2.2. Efficient GEMM in CUDA

enough. An important additional point about COSMA is that it allows a
certain percentage of processors not to be used if this will result in a lower
communication volume (see Fig. 5 in [31]).

2.2 Efficient GEMM in CUDA

This section presents how to implement an efficient GEMM in CUDA. We
assume that the reader is familiar with CUDA C++ programming and the
CUDA memory model [5].

Note that the following figures are not always drawn to scale.

2.2.1 Hierarchical GEMM Structure

To implement an efficient GEMM for GPUs, best use should be made of
the different memory hierarchies. After loading data from slower to faster
memory, the data has to be reused in as many maths operations as possible
before loading again data from slower memory. In CUDA this means load-
ing data from global memory to shared memory to the register file. A good
approach in CUDA is to decompose the computation into thread block tiles,
warp tiles and thread tiles, which closely mirrors the NVIDIA CUDA program-
ming model. Fig. 2.1 shows the complete GEMM hierarchy of an example
multiplication using single precision floating-point numbers, which will be
now explained in more detail.

A C

B

Global memory Shared memory Register file C = A*B + C

Figure 2.1: The complete GEMM hierarchy.

The parameters used for this example are:

• M: 640

• N: 640

• K: 640

• THREADBLOCK_TILE_M: 128

• THREADBLOCK_TILE_N: 128

• THREADBLOCK_TILE_K: 640

• WARP_TILE_M: 64

• WARP_TILE_N: 32

• THREAD_TILE_N: 8

• THREAD_TILE_M: 8

• LOAD_K: 8
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2.2. Efficient GEMM in CUDA

M, N and K are the dimension of the matrices. THREADBLOCK_TILE_M, THREAD-
BLOCK_TILE_N and THREADBLOCK_TILE_K define how much of the matrix mul-
tiplication a single thread block computes. WARP_TILE_M and WARP_TILE_N
define how much of a thread block a single warp computes. THREAD_TILE-
_M and THREAD_TILE_N define how much of a warp block a single thread
computes. LOAD_K defines the tile size of the tiles that are worked on in one
iteration of the main loop. This example assumes a warp size of 32.

Thread Block Tile

Each thread block computes a portion of the output C by looping over the
K dimension and iteratively loading tiles of the input matrices A and B to
compute an accumulated matrix product. Fig. 2.2 shows the computation of
a single thread block and the data it uses. At the thread block level in each
iteration in the main loop, one tile of size LOAD_K of A and B is loaded from
global memory into shared memory, while the accumulator of C resides in
the register file, the fastest memory, since it is going to be updated once per
maths operation.

N

K

M

K

A C

B

THREADBLOCK_TILE_M

THREADBLOCK_TILE_N

LOAD_K

LOAD_K

Figure 2.2: A 640x640 * 640x640 GEMM decomposed into the computation performed by
128x128 thread blocks. The data used by one thread block is highlighted. The part of C that
the thread block computes is shown in green. To achieve this, it uses the pink part of A and
the yellow part of B. In each iteration of the main loop, LOAD_K rows/columns are loaded from
global into shared memory.

Warp Tile

The thread block tile is then further divided into warp tiles as shown in
Fig. 2.3. Once the tiles of A and B are stored in shared memory, each warp
again loops over the K dimension and loads a small fragment into the regis-
ter file. Since multiple threads request the same data from shared memory,
a warp’s broadcast ability is used to reduce the number of times shared
memory is accessed.
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2.2. Efficient GEMM in CUDA

WARP_TILE_M

WARP_TILE_N

LOAD_K

LOAD_K

1

1

Thread block �le

B �le

A �le

Figure 2.3: Decomposition of a 128x128 thread block tile into 64x32 warp tiles. The data
used by one warp is highlighted. The part of C that the warp computes is shown in green. To
achieve this, it uses the pink part of A and the yellow part of B. In each iteration of the loop, 1
row/column is loaded from shared memory into registers.

Thread Tile

The warp tile is divided into thread tiles, which are computed by individ-
ual threads. The straightforward way to divide a 64x32 warp tile into 8x8
thread tiles can be found in Fig. 2.4. However, the decomposition in Fig. 2.4
is not optimal as the stride to access the shared and global memory is 8. For
32-bit floating-point numbers, the optimal value for minimizing bank con-
flicts and maximizing efficiency is 4, since 4 floats = 128 bits, which is the
largest amount that can be moved by a single memory instruction in CUDA.
This better decomposition can be found in Fig. 2.5. Note that all threads in
the same row or column load the same data from shared memory into the
register file. This will result in an overall 8x8 thread tile, as seen in Fig. 2.6.

A fragment

B fragment

Warp �le

1 8

1

8

Figure 2.4: Non-optimal de-
composition of a 64x32 warp
tile into 8x8 thread tiles. The
data used by one thread is
highlighted.

A fragment

B fragment

Warp �le

1 4

1

4

Figure 2.5: Optimal decom-
position of a 64x32 warp tile
into 8x8 thread tiles. The
data used by one thread is
highlighted.

THREAD_TILE_N

THREAD_TILE_M

Thread �le

Figure 2.6: The 8x8 thread
tile where the multiplication
happens.
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2.2. Efficient GEMM in CUDA

2.2.2 Optimizations

In this subsection some further techniques are introduced to make GEMM
more efficient.

Split K

As seen in Fig. 2.2, this configuration launches 25 thread blocks to compute
the result of C = A ∗ B. If this kernel is run on a NVIDIA Telsa V100 which
has 80 SMs (Streaming Multiprocessors), the kernel does not use 55 SMs and
thus can only achieve 31.25% of peak performance.

Now there are two solutions for this problem. The first and easier one is to
decrease THREADBLOCK_TILE_M or THREADBLOCK_TILE_N, which means more
thread blocks are launched. As long as the memory bandwidth will not
become a bottleneck (see Section 3.1.4), and the overhead of the additional
started thread block is smaller than the performance gain, this will result
in higher percentage of peak performance. There may be cases where this
approach does not work well, for example if M and N are small in com-
parison to K or it is not possible to further decrease THREADBLOCK_TILE_M
nor THREADBLOCK_TILE_N. In that case is possible to split the K dimension:
Instead of launching only one thread block per tile in C, multiple thread
blocks are started for the same block in C. Every thread block is responsible
for one part of the K dimension. Fig. 2.7 shows an example for SPLIT_K = 2
and THREADBLOCK_TILE_K = 320. The thread block now only iterates through
half of the K dimension while another thread block is responsible for the
second half of the K dimension. Since there are now multiple thread blocks
responsible for the same tile in C, the partial results of the individual thread
blocks must be reduced to get the correct result.

N

K

M

K

A C

B

THREADBLOCK_TILE_M

THREADBLOCK_TILE_K

THREADBLOCK_TILE_NTHREADBLOCK_TILE_K

LOAD_K

LOAD_K

Figure 2.7: An example for one 128x128 thread block with SPLIT_K = 2 and
THREADBLOCK_TILE_K = 320. The data used by one thread block is highlighted. The part
of C that the thread block computes is shown in green. To achieve this, it uses the pink part of
A and the yellow part of B. In each iteration of the main loop, LOAD_K rows/columns are loaded
from global into shared memory. This thread block iterates only over half of the K dimension,
the other half is computed by another thread block. The partial results must be reduced.
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2.2. Efficient GEMM in CUDA

Slice K

An additional optimization employed by cuBLAS is Slice K. Slice K is es-
sentially the same as Split K, but while Split K works on the thread block
level, Slice K works on the warp level. Using Slice K, it is possible to start
more threads and using more warps, if the problem would otherwise be too
small, to utilize more resources of the GPU. If slice K is used, a warp is not
responsible for the whole K dimension, but only one slice of it. Similar to
Split K, a reduction must be made at the end.

Software Pipelining / Double Buffering

The hierarchical GEMM structure (Section 2.2.1) uses many registers to store
the accumulator and fragments. This limits the achievable occupancy of the
kernel and therefore the GPU’s ability to hide memory latency and other
stalls. As previously discussed, the data is loaded from global memory to
shared memory to the register file. To hide these data movement latencies,
software pipelining can be introduced to overlap memory accesses with com-
putation.

The global memory and shared memory loads can be double-buffered. This
comes at a cost of twice the amount of shared memory and twice the number
of fragments used per thread. As shown in Fig. 2.8, all stages can be exe-
cuted concurrently and the output of each stage can be fed to its dependent
stage during the next iteration. Once the data is stored into shared mem-
ory, a call to __syncthreads() makes sure there are no race conditions. This
approach has one more benefit; one call to __syncthreads() can be eliminated,
since one shared memory buffer is read while the other one is written to.

Figure 2.8: Three concurrent streams of instructions interleaved in the main loop. Source: [9]

Thread Block Swizzle

In Fig. 2.2, 25 thread blocks are required to cover the entire square matrix
C. The straight-forward way is to use a grid with dimensions (5, 5, 1) and a

9



2.2. Efficient GEMM in CUDA

simple mapping from thread block ids to the problem (using blockIdx.x and
blockIdx.y directly). This will result either in a classic row-major (Table 2.1)
or in a classic column-major layout, depending on how the launch order of
the thread blocks is implemented by the driver or hardware.

Table 2.1: Thread block layout: Row-major

(0, 0) (0, 1) (0, 2) (0, 3) (0, 4)

(1, 0) (1, 1) (1, 2) (1, 3) (1, 4)

(2, 0) (2, 1) (2, 2) (2, 3) (2, 4)

(3, 0) (3, 1) (3, 2) (3, 3) (3, 4)

(4, 0) (4, 1) (4, 2) (4, 3) (4, 4)

Table 2.2: Thread block map: SWIZZLE = 2

(0, 0) (0, 2) (0, 4) (0, 6) (0, 8)

(0, 1) (0, 3) (0, 5) (0, 7) (0, 9)

(1, 0) (1, 2) (1, 4) (1, 6) (1, 8)

(1, 1) (1, 3) (1, 5) (1, 7) (1, 9)

(2, 0) (2, 2) (2, 4) (2, 6) (2, 8)

Instead of working on one row at a time, it might be beneficial to work
on several rows at once, with the aim of increasing the L2 cache hit rate.
This is the approach used by CUTLASS [10]. We have achieved this by
introducing a SWIZZLE factor which describes on how many rows to work
with simultaneously.

The normal grid has the dimensions (GridX, GridY, 1) and the usual block-
Idx.x and blockIdx.y are used to map the thread block the corresponding tile
in C. The swizzled grid has the following dimensions:

(GridX ∗ SWIZZLE, (GridY + SWIZZLE− 1) / SWIZZLE, 1) . (2.3)

The ids are remapped follows:

blockIdx.xSWIZZLE = blockIdx.x / SWIZZLE (2.4)

and

blockIdx.ySWIZZLE = (blockIdx.y ∗ SWIZZLE) + (blockIdx.x mod SWIZZLE) .
(2.5)

Note that all variables are integers.

Table 2.2 shows an example for SWIZZLE = 2. If SWIZZLE does not evenly
divide GridY, one additional check is required that blockIdx.ySWIZZLE ≤
blockIdx.y, otherwise there might be an out-of-bounds error, depending on
how robustly the kernel is implemented. In cuCOSMA it is necessary to
make this check because the kernel only performs a bounds check if the
thread block tiles do not evenly divide the matrix dimensions.

10



2.2. Efficient GEMM in CUDA

Thread Mapping

This section discusses how to map threads to thread tiles within a warp tile
for maximum efficiency. Suppose a 32x16 warp tile with 4x4 thread tiles, as
seen in Fig. 2.9.

A fragment

B fragment

Warp �le

1 4

1

4

Figure 2.9: The decomposition of a
32x16 warp tile into 4x4 thread tiles.

0 1 2 3

4 5 6 7

8 9 10 11

12 13 14 15

16 17 18 19

20 21 22 23

24 25 26 27

28 29 30 31

Table 2.3: Thread map:
Row-major

0 1 16 17

2 3 18 19

4 5 20 21

6 7 22 23

8 9 24 25

10 11 26 27

12 13 28 29

14 15 30 31

Table 2.4: Thread map:
Optimal. Source: [13]

First, the thread id of thread inside a warp is computed:

threadIdxwarp = threadIdx.x mod 32 . (2.6)

Note that threads are only launched in the x dimension (threadIdx.y and
threadIdx.z are always 1).

The simplest way to map threads to thread tiles is to use a row-major (Ta-
ble 2.3) or column-major mapping. However, it turns out that on NVIDIA
GPUs neither of these is optimal. The row-major approach doubles the
amount of shared memory transactions for loading B, while the column-
major approach doubles the amount of shared memory transactions for
loading A. To get the optimal transaction count for loading both A and
B, a different mapping has to be chosen. One such mapping can be found
in Table 2.4.

The most convenient way to calculate the mapping in Table 2.4 is through
bitwise operations.

LaneIdy The LaneIdy is the same for two consecutive threads and is then
always increased by 1 for the next two. It is also limited by the height of the
warp tile. Table 2.5 shows how the LaneIdy is constructed, first the ids are
shifted by one to the right such that two consecutive threads have same id

11



2.2. Efficient GEMM in CUDA

and there is always an increase of 1 after two threads. To make sure that the
LaneIdy does not go beyond the height of the warp tile, the and operation is
used to select the lower 3 bits of the id (710 = 1112).

Table 2.5: How LaneIdy is computed.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

↓ >> 1 ↓
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10 11 11 12 12 13 13 14 14 15 15

↓ & 7 ↓
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7

LaneIdx The LaneIdx alternates between 0 and 1 for the first 16 threads and
between 2 and 3 for the remaining half. First the displacement is calculated
for the difference between the two halves, see 2.6a. The first and operation
sets all values to 16 if the thread id is ≥ 15, and afterwards the value is
divided by 8 so that the upper half of the threads has the value 2, (1016 =
100002). To perform the alternation, an and operation is used to cut off the
last bit, see 2.6b. To get the final result, the or operations is used to add up
the intermediate results, see 2.6c.

Table 2.6: How LaneIdx is computed.

(a)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

↓ & 0x10 ↓
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16

↓ >> 3 ↓
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

(b)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

↓ & 1 ↓
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

(c)

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

|
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

↓ ↓
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3
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In conclusion, the coordinates of a thread can be computed as

LaneIdx = (((threadIdxwarp & 0x10) >> 3) | (threadIdxwarp & 1)) (2.7)

and
LaneIdy = ((threadIdxwarp >> 1) & 7) . (2.8)

We generalized this approach to work with all shapes of warp and thread
tiles.

We do not know if this is the best possible mapping. We could not find a
better one and using the presented mapping will result in a shared memory
transaction count that is equal of that of CUTLASS and cuBLAS. There are
probably other mappings that can achieve the same.

We have not found out the exact reason that causes that certain mappings
result in more loading transactions than others, but since the loading from
shared memory into register relies heavily on broadcasting, our best guess
would be that there is some kind of limitation in the broadcasting mecha-
nism inside NVIDIA GPUs, as already pointed out by [13].

Epilogue

While the layout described in Fig. 2.5 is well suited to perform the multi-
plication efficiently, this layout is not optimal for writing the result back to
global memory, as the values are not nicely distributed for coalesced mem-
ory accesses. This problem can be solved by using vector stores, if this is not
possible, another solution is required.

The epilogue is an additional phase in which threads of the same warp
exchange data through shared memory to access global memory using a
more efficient access pattern. We will now demonstrate the epilogue stage
of a 16x32 warp tile with 4x4 thread tiles, as shown in Fig. 2.10.

Register file Shared memory write Shared memory read Global memory

Warp �le

Epilogue �le Epilogue �le

Warp �le

Figure 2.10: The whole epilogue process. Each warp shuffles its values by using shared memory.

The whole procedure is split into 4 iterations, one for each row of the thread
tile. In the first iteration, each thread writes its top row into the epilogue
tile, which is stored in shared memory, using the same mapping as in the
multiplication. The epilogue tile has the same N dimension as the warp tile,
the M dimension is collapsed by 4, see Fig. 2.11.
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Register file Shared memory

Warp �le

16

32

4

4

Epilogue �le
4

32

1
4

Figure 2.11: Each thread writes one row in the epilogue tile.

Afterwards, the threads are rearranged in a way that each thread reads a
column of height 4 from the epilogue tile which allows now for coalesced
storing to global memory, see Fig. 2.12.

Shared memory Global memory

Epilogue �le

1

32

4

Warp �le

16

32

4

4

Figure 2.12: Each thread reads one column from the epilogue tile and stores the value into global
memory.

The mapping shown can be generalized for all thread and warp tiles, but
it is not equally efficient for all. With badly chosen tile sizes bank conflicts
will occur and storing to global memory is still not quite optimal. For 4x4
thread tiles, a 16x32 warp tile is ideal for a row-major layout and a 32x16
warp tile is optimal for a column-major layout.

2.3 State-of-the-Art MMM Algorithms

In this section the approaches by current state-of-the-art implementations
are described.

2.3.1 cuBLAS

cuBLAS [1] is a library developed by NVIDIA that integrates BLAS (Basic
Linear Algebra Subprograms) into the CUDA environment.

The GEMM implementation from cuBLAS works as follows: There are sev-
eral handwritten assembly kernels ([2] says 24 for CUDA cores and 15 for
tensor cores.) for different tile sizes and at runtime a heuristic is applied
with the goal to select the best kernel for the given problem. Since the
cuBLAS kernels are written directly in assembly, it is usually not possible to
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outperform cuBLAS with a compiler-generated assembly using the same tile
sizes for the same problem. However, cuBLAS’ disadvantage is that there
are only a certain number of pre-written kernels, so there are problems for
which the kernels do not fit well. If the kernel should be modified, e.g. to
use an element-wise function as epilogue, this would have to be done di-
rectly in the assembly or in an additional kernel. Furthermore, since the
heuristic to choose the kernel is run at runtime, the heuristic cannot take
too long to decide what kernel to launch and might choose poorly. cuBLAS
represents the state of the art in GEMM performance.

2.3.2 CUTLASS

CUTLASS [8] (CUDA Templates for Linear Algebra Subroutines) is an open
source collection of CUDA C++ templates and abstractions for implement-
ing high-performance GEMM computations developed by NVIDIA.

The main difference to cuBLAS is that the compiler generates the assembly
and that the tile sizes have to be determined by the user. The main disadvan-
tage is that CUTLASS decides at compile time which kernel to run without
knowing the matrix dimensions and the alignment of the matrices, this leads
to the fact that CUTLASS cannot use vector loads for loading from global
memory. Furthermore there is the question of how to choose the best tile
sizes for a given problem, which CUTLASS does not answer. This is a par-
ticular problem because the average user might have difficulty predicting
which configuration will perform best. Another limitation of CUTLASS is
that it only supports thread tiles which are multiples of 4, there are again
problems for which CUTLASS might not fit well. Since CUTLASS is written
in CUDA C++, adding additional functionality is straightforward.

2.3.3 rocBLAS

rocBLAS is AMD’s library for BLAS on ROCm (Radeon Open Compute plat-
form). It is implemented in the HIP programming language and optimized
for AMD’s GPUs. It has the same advantages and disadvantages as CUT-
LASS. However, compared to CUTLASS it is not possible to add custom tile
sizes and epilogues. We observed that rocBLAS always uses the same tile
sizes for all problems, which is suboptimal.
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Chapter 3

cuCOSMA

In this chapter, we will describe our implementation of COSMA on a single
GPU, which includes a schedule generator and a matrix-matrix multiplica-
tion kernel.

3.1 Schedule Generator

This section describes how the schedule generator works. Note that the
presented schedule generator only focuses on NVIDIA GPUs, but can be
easily adopted for AMD graphics cards.

The schedule generator is not based on a theorem that proves that it always
returns the fastest/optimal tile sizes, unlike COSMA. In COSMA, the matrix-
matrix multiplication were represented as a red-blue pebble game to create
an I/O lower bound proof. The schedule generator is a collection of heuris-
tics that were collected during this thesis, while keeping the main idea of
COSMA in mind: minimizing the communication volume.

We created an easily customizable framework to try out many techniques to
generate schedules.

3.1.1 Overview

A basic overview, on how the schedule generator works, can be found in
Fig. 3.1.

As input the schedule generator receives the matrix dimensions, additional
scaling parameters and the specification of the GPU on which the multipli-
cation is performed. The schedule generator then loops over all possible
configurations and verifies if the schedule meets all desired constraints. If
this is the case, the schedule generator ranks the schedule according to cer-
tain heuristics and saves the best schedule found. The output of the schedule
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generator describes the configuration of the kernel to be used for this prob-
lem. All these parameters must be added to the kernel at compile time to
allow the compiler to perform all necessary optimizations.

Schedule GeneratorInput Output

M, N, K
Type
Alpha
Beta
GPU informa�on

THREADBLOCK_TILE_M
THREADBLOCK_TILE_N
THREADBLOCK_TILE_K
WARP_TILE_M 
WARP_TILE_N
THREAD_TILE_M 
THREAD_TILE_N
SPLIT_K
SWIZZLE
LOAD_K
A_OFFSET 
B_OFFSET
OCCUPANY
ATOMIC_REDUCTION

Schedule best_schedule;

for(thread_tile_N : {...} ){
 for(thread_tile_M : {...}){
  for(...){

  Schedule schedule(...)
  
  if(!fulfills_constraints(schedule)){
   continue;
  }

  if(schedule > best_schedule){
   best_schedule = schedule;
  }
  
  }
 }
}

Figure 3.1: Basic overview of the schedule generator.

3.1.2 Input

As input the schedule generator receives the matrix dimensions M, N and K
and the type (float, double, int, etc.) to be used. Furthermore, it receives al-
pha and beta as input because the goal is to calculate C = α · (A ∗ B) + β · C
with A ∈ Rmxk, B ∈ Rkxn, C ∈ Rmxn and α, β ∈ R. It is also possible to use an
element-wise function instead of scaling, such as the sigmoid function. The
remaining input parameters are summarized with GPU information, they de-
scribe the configuration of the GPU which performs the multiplication. All
the information about the GPU can either be found in the CUDA C++ Pro-
gramming Guide [11] or directly on the GPU by using cudaGetDeviceProper-
ties [7]. A more detailed list of the values used can be found in the appendix:
Section A.3.

One important input not included is the layouts of the individual matrices
(row or column-major layout). This thesis focuses only on row-major matri-
ces and therefore this aspect was ignored.

3.1.3 Schedule Generator

A simplification of how the schedule generator is implemented can be found
the appendix in Listing A.1.
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We believe that it is not feasible to find a closed formula, as in Equation (2.2)
and Equation (2.1), to decide which tile sizes will perform best. The main
problem is the following: On the CPU there are a certain number of pro-
cessors and one block is assigned to each CPU. On the GPUs thread blocks
are assigned to SMs and often it is necessary to assign several blocks to one
SM. So, it is not possible to measure how good the schedule is by looking
at how many thread blocks are launched or how many SMs are occupied.
Furthermore, we have no direct control over how the GPU schedules work.

As shown in Listing A.1, there is one for loop for nearly every variable of
the output. The implementation is a brute force method to find out which
schedule is best, since the cuCOSMA kernel can support nearly all combi-
nations of tile sizes. If the tile sizes are limited, the schedule generator can
be simplified. A_OFFSET and B_OFFSET are additional paddings in shared
memory to avoid bank conflicts and can be determined independently like
SWIZZLE. In our case (row-major layout and single precision floating-point
numbers): A_OFFSET = 4 and B_OFFSET = 0.

The first for loop iterates over possible LOAD_K parameters. For 32-bit floating-
point numbers it is usually 8, however, for small K it can be chosen even
smaller.

Then the schedule generator searches for the best tile sizes to divide the
GEMM into thread, warp and thread block tiles. Smaller tiles are used as a
base for a bigger one, so the bigger tiles are always multiples of the smaller
ones. The tile sizes are limited by the available registers of the GPU, this
makes the schedule generator more efficient as the runtime is independent
of the matrix dimension.

The last loop iterates over the SPLIT_K parameter. The SPLIT_K parameter
is limited in the following way: Assume a hypothetical multiplication with
K tending to infinity, then the upper limit is chosen such that all threads of
the GPU can participate in the multiplication. The multiplication must be
distributable to all available SMs and warps. The factor 2 is present because
at least an occupancy of 2 is enforced by the schedule generator.

Now all that remains is to discuss what kind of constraints are imposed on
the schedule and how it is decided that one schedule is better than another.

3.1.4 Constraints

The imposed constraints are verified by the schedule generator as soon as
possible to make it more efficient, and not only in the innermost loop.

At first, the number of constraints in the schedule generator were kept to
a minimum and most of the tile size selection was performed through the
ranking system. However, it is difficult to predict which tile sizes will per-
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form best. Finally, the ranking system was simplified, but more constraints
were added. Since the cuCOSMA kernel is flexible, it is likely that some of
the best configurations are not covered by the schedule generator.

Thread Tiles

The first constraint is what thread tile sizes are allowed in the schedule.
This property also depends heavily on the capabilities of the kernel. The
cuCOSMA kernel can support all possible thread tile sizes (as long as they
do not run into the register limit), while for example the kernel of CUTLASS
only supports square thread tiles sizes that are multiples of 4.

Assuming that the kernel can support all combinations of thread tiles, it
sometimes makes sense not to consider all possibilities. There is a compro-
mise: more specialized tile sizes may fit a specific problem better, but make
the main loop in the kernel more inefficient because vector loads cannot
always be used.

We will now present some combinations of thread tiles and their advantages
and disadvantages.

No Restrictions The easiest choice is to impose no restrictions on the thread
tiles and allow the schedule generator to try all possible configuration. This
allows the thread tiles to be precisely adapted to a problem and is especially
useful for small matrices. However, with large matrices, the main loop may
become too inefficient because there are too many non-vector loads, result-
ing in more load instructions and reducing the ratio of FMA to non-FMA
instructions. For large matrices, it can be an advantage to prefer vector
loads over more specific tile sizes and to do more work overall than if more
specialized tile sizes were chosen.

Even Numbers If the schedule generator only tries even numbers as thread
tiles, the possibility to create exact tile sizes for small matrices is lost. How-
ever, the problem with the non-vector loads is mitigated because vector load
of size two can at least be used.

Multiples of 4 If the schedule generator tries to use only numbers that are
multiples of 4 as thread tiles, vector loads of size 4 can always be used. How-
ever, this can lead to inefficiency with smaller matrices because the thread
tiles are too large and therefore too much unnecessary work is performed.
This is the approach to be used with CUTLASS.

Multiples of 4 ∪ {1, 2} Here, the previous three approaches are combined.
The schedule generator may try multiples of 4 as well as thread tiles of size
1 and 2 to cover smaller matrices well. This sequence can represent small
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and large matrices well and does not suffer from inefficiency if larger thread
tiles are chosen.

Powers of Two Until 256-bit This is the same variant as above, but no
thread tiles greater than 8 are allowed. We could observe that these are
often the best performing configurations and practically all reasonable tiles
can be covered by using only these thread tiles. This is also the approach
we used in the end, but we also enforced that all thread tiles are square tiles.
Note that this does not always give the best decomposition. It may well be
that in a specific case one of the other approaches works better. In the end,
it all depends on the problem and if it is worth to change more specific tile
sizes for a less efficient kernel.

Occupancy

Matrix-matrix multiplication on the GPU requires many registers to store
the accumulator and fragments, which greatly limits the occupancy that
can be achieved. Often it is advantageous to use smaller tile sizes to in-
crease the occupancy. We observed that it is worthwhile to achieve at least
an occupancy of 2 and enforced this by limiting the registers and shared
memory per thread block. The occupancy is passed to the compiler via
__launch_bounds__.

Memory Bound Depending on the GPU and on the kernel configuration,
GEMM kernels may be limited by the global memory bandwidth. (See Sec-
tion A.1 for an example.) If the kernel is limited by the available memory
bandwidth, the performance heavily depends on the L2 cache. One way
to increase the L2 cache hit rate using the same tile sizes is to reduce the
occupancy by using a few more unnecessary registers or shared memory
allocations (see [13]).

General

The remaining constraints are described that are imposed on the schedule.
Some of them are unavoidable (because they are bound to the hardware),
others are not necessary, but make the schedule more efficient.

Register and Shared Memory Usage After the desired occupancy is known,
the register and shared memory limit per thread block, warp and a thread
can be computed. To each thread 32 additional registers are assigned, which
are not used to store the accumulator or fragments, but can be used for
general calculations (and as a precaution, since the compiler does not always
find the best assignment).
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Hardware Limitations All constrains imposed by the hardware are listed.

• Maximum Number of Threads per Block:
In CUDA at most 1024 threads per block can be started.

• Warp Size:
The warp size in CUDA is 32. This means the warp tile has to be
divided into 32 thread tiles.

• Number of 32-bit Registers per SM:
How many registers the hardware can provide per SM. (Usually 65536).

• Maximum Number of 32-bit Registers per Thread Block:
How many registers a thread block can use. The same as in "Number
of 32-bit Registers per SM" but not in compute capability 5.3 and 6.2.

• Maximum Number of 32-bit Registers per Thread:
In CUDA each thread can address a maximum of 255 registers.

• Maximum Amount of Shared Memory per SM:
How much shared memory the hardware can provide per SM.

Alignments All alignment constraints are presented.

• Thread Block:
For single precision floating-point numbers, if more than one thread
block is used in a given dimension, to ensure vectorized access the
thread block has to a multiple of 4. This applies to the M, N and the K
dimension.

• Warp Tile:
For single precision floating-point numbers, if there is more than one
warp tile in a given dimension, the following alignment constraints
must be met to allow for vectorized access. If the thread tile is greater
than or equal to 4, then the warp tile has to be a multiple of 4. If the
thread tile is greater than or equal to 2, then the warp tile has to be a
multiple of 2. This applies to the M and N dimension.

LOAD_K The LOAD_K parameter is usually 8 for 32-bit floating-point num-
bers, but for matrices with a small K dimension, it makes sense to choose
it even smaller, otherwise unnecessary work will be performed and no ad-
vantage can be taken from software pipelining (Section 2.2.2). The following
candidates are considered: 8, 4, 2, 1. The distance is the same as in the vector
loads instructions. Once a larger number fits such that software pipelining
can be used, it accepted and smaller ones are not considered.

Map Threads Evenly to Global Tiles Although not required by the cu-
COSMA kernel, it is usually desired to be able to map the threads evenly

21



3.1. Schedule Generator

to the tiles of size LOAD_K∗THREADBLOCK_TILE_N and LOAD_K∗THREADBLOCK-
_TILE_M (see Fig. 2.2).

3.1.5 Ranking

After the schedule generator has verified that the schedule meets all con-
straints, it must decide which is the best schedule.

The first thing the schedule generator examines is how many CUDA cores of
the GPU the kernel can take advantage of, see Section 3.1.5. If one kernel can
use more CUDA cores than another, it is considered as the best new kernel
found so far. If two kernels use the resources of the GPU equally well, the
communication volume of the kernels is compared (see Section 3.1.5), and
the kernel with the smaller volume is taken as the new best kernel. If there
are two equally good schedules, the schedule generator prefers the one with
smaller SPLIT_K, because the reduction means a small additional effort. If
SPLIT_K is the same (happens because of symmetry), the schedule generator
prefers the schedule with larger tiles in the N dimension, such that the
schedule generator becomes deterministic and the epilogue becomes more
efficient.

Use All CUDA Cores of the GPU

The most important property to examine is whether the kernel can use the
whole GPU. The main reason for this step is the following: Larger tile sizes
are usually more efficient than many smaller ones. However, if more small
ones are used, this will result in more thread blocks launched and more
CUDA cores used. This is especially important for smaller matrices, which
might not occupy all SMs.

To measure this property, the schedule generator calculates how many of
the available CUDA cores a kernel can meaningfully use. It calculates how
many cores compute at least one element of the output matrix C. For a
warp tile of size 16x32 with 4x4 thread tiles, which calculates a matrix mul-
tiplication of size 16x16, only 16 threads are meaningfully used because the
remaining 16 perform unnecessary work. The schedule generator then se-
lects the schedule where most CUDA cores can participate in a meaningful
way. This metric is upper bounded by the number of CUDA cores of the
GPU.

Communication Volume

If two kernels use the resources of the GPU equally well, the schedule gen-
erator compares the communication volume of the kernels, and the kernel
with the smaller volume is taken as the new best kernel.
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On GPUs with 3 memory hierarchies: global memory, shared memory and
register files, there are multiple types of memory movements. To simplify
this, only loading and storing from global memory (as it is the slowest mem-
ory) and on loading from shared memory has been considered. The sched-
ule generator puts more emphasis on the global communication volume and
therefore always selects the schedule with the smaller global communication
volume. If two schedules have the same global communication volume, the
shared communication volume is compared and the schedule with smaller
shared communication volume is chosen as the new best schedule.

At a closer look, it is also possible to consider the following: The storing in
shared memory and registers and loading from registers could be included
in the calculations. To write data from global memory to shared memory, it
is first stored in registers and then loaded from registers into shared mem-
ory. In the new Ampere architecture this is no longer the case and it can be
written directly into shared memory without any intermediate storage, and
asynchronous shared memory loads can be used. Also note that C is loaded
directly into the registers thus bypassing shared memory, and A and B are
stored into shared memory. In addition, the shared memory accesses in the
epilogue were ignored because we assumed that vector stores could always
be used.

In MPI, the matrix-matrix multiplication is distributed to the ranks, which
are divided in a grid, and communication volume is computed over the area
of the boundaries between the ranks. The big difference is that thread blocks
in CUDA cannot send messages to each other, but only communicate via
global memory, while MPI is based on the principle that ranks communicate
with each other.

Global Memory To calculate the total communication volume of global
memory, it is computed how much a single thread block causes and then
multiplied by the total number of blocks.

To calculate the volume for C, a case distinction is required. If β = 0 in
the equation C = α · (A ∗ B) + β · C with A ∈ Rmxk, B ∈ Rkxn, C ∈ Rmxn and
α, β ∈ R , C does not have to be loaded because it can be overwritten, other-
wise it has to be loaded first. Therefore,

VCGlobal =

{
THREADBLOCK_TILE_M ∗ THREADBLOCK_TILE_N β = 0
2 ∗ THREADBLOCK_TILE_M ∗ THREADBLOCK_TILE_N β 6= 0

. (3.1)

The formulas for the volumes for A and B are:

VAGlobal = THREADBLOCK_TILE_M ∗ THREADBLOCK_TILE_K ,
VBGlobal = THREADBLOCK_TILE_N ∗ THREADBLOCK_TILE_K .

(3.2)
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The reason why THREADBLOCK_TILE_K is used and not K is because the split
K approach needs to be considered. In the end the partial volumes are
multiplied with the number of blocks launched as follows

VGlobal = (VA + VB + VC) ∗ total_thread_blocks . (3.3)

Shared Memory To calculate the volume loaded from shared memory to
registers a similar approach as above can be used. First calculate at how
much volume a warp causes and then multiply this by the number of warps
launched. We assume that the broadcasting function works perfectly, i.e. ,
that a value only needs to be read once and is then distributed throughout
the warp. The matrix C does not need to be considered, as it has already
been saved directly into the registers.

One warp iterates over the THREADBLOCK_TILE_K dimension and loads the
following amount from shared memory

VAShared = WARP_TILE_M ∗ THREADBLOCK_TILE_K ,
VBShared = WARP_TILE_N ∗ THREADBLOCK_TILE_K ,

VShared = (VA + VB) ∗ total_warps .
(3.4)

Note that the formula has been simplified, since not THREADBLOCK_TILE_K
elements are loaded in the K dimension, but

THREADBLOCK_TILE_K+ LOAD_K+ 1
LOAD_K

(3.5)

elements. When loading A and B from global memory, boundary checks
are present and zeros are written to the places in shared memory, where an
out of boundary read in A or B would occur. When loading from shared
memory is not necessary to perform boundary checks as the calculation is
still correct.

3.2 Kernel

In this section the cuCOSMA kernel written in CUDA C++ is described.
Due to limited time, only the multiplication of 32-bit floating-point matrices
stored in row-major format was considered.

The kernel features the approaches introduced in Section 2.2. The user can
choose the tile sizes, similar to CUTLASS. Compared to CUTLASS which is
restricted to thread tiles that are multiples of 4, cuCOSMA can accept more
flexible tile sizes, which is a performance advantage in certain situations.
cuCOSMA assumes that it knows the matrix dimension at compile time
and that each row is correctly aligned to allow for vectorized access. It
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was implemented with the following philosophy: Given tile sizes and the
matrix dimensions at compile time, it tries to achieve the fastest possible
implementation using the specified configuration. The kernel does not try
to optimize the given configuration, but leaves it up to the user/schedule
generator.

We have tried to use the following invariant to make the code easier to
understand, all compile time constants are written in CAPTIAL LETTERS.

To see the whole code, see cuCOSMAV100.cuh. There are different variations
of the code, as different GPUs run faster with different implementations.
The version that performed best on the NVIDIA Telsa V100 is presented.

3.2.1 Launch

This section describes how the kernel is launched.

Configuration

To specify the configuration, all variables are written to a config.h file. This
way, the configuration can be managed centrally with one file and the com-
piler can put the constants directly into the code, so that they are available at
compile time. An example of a configuration file can be found in Listing A.2.

Kernel

How the kernel is launched can be found in Listing A.3.

First the number of launched threads per thread block is calculated at com-
pile time (Line 1). Afterwards, a check is added whether the C matrix needs
additional scaling (Line 8). This is necessary if the multiplication is not
performed or a split K approach is used with atomics.

Then the number of thread blocks to be started in each dimension is calcu-
lated, this varies depending on whether swizzling (Section 2.2.2) is used or
not.

Finally, a distinction is made as to how the reduction is to take place if a split
K is used. Here cuCOSMA offers two variants. The first one uses atomics,
this has the advantage that no additional kernel has to be launched, but
has the disadvantage that for SPLIT_K > 2 the result is not bit-exact when
running the kernel multiple times because the order in which the threads
sum up the values is not well-defined. The second variant is an additional
reduction kernel. The kernel that performs the multiplication stores the
partial results in an additional allocated array and the reduction kernel then
performs the reduction over this additional memory and stores the result
back to C. This approach has the disadvantage that an additional kernel
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start is required, more memory is needed and the data passes through global
memory several times, but the result remains bit accurate even with larger
SPLIT_K.

3.2.2 Implementation

The exact implementation of the kernel is presented, it is divided it into
different sections: The Prologue, which sets everything up before the Main
Loop, and the Helper Methods methods used by Main Loop.

Prologue

The entire prologue, everything that comes before the main loop, is de-
scribed.

Kernel signature The Kernel signature can be found in Listing A.4. The
important thing to mention here is the __launch_bounds__ statement on line 2.
This gives the compiler the necessary information about how many threads
are launched and what occupancy per SM is expected, such that NVCC can
optimize correctly.

Assertions The assertion assumed by cuCOSMA can be found in Listing A.5.
They specify what kind of tile sizes are supported. In summary, the tiles
must be a multiple of each other and if a thread tile reaches a certain size,
the warp tile must meet a certain alignment requirement. The alignment is
only necessary if there is more than one warp tile in the specific dimension,
so it is first calculated how many warp tiles there are in which dimension
(line 1-2). Furthermore, a warp tile can only consist of 32 thread tiles.

Warp and Thread Mapping The warp and thread mapping used by cu-
COSMA can be found under Listing A.6. First, it is calculated in which warp
the thread is and what position a thread has in a warp (Line 7 - 8). Then the
warp mapping is calculated (Line 10 - 11). Here it makes no difference if a
row-major or column-major layout is chosen. Finally, the thread mapping
for all possible configurations of thread tiles (Line 16 - 45) is computed, see
Section 2.2.2.

Buffer Setup The setup used for the shared memory buffers and fragments
can be found in Listing A.7. First the size of the buffers is computed (Line 1
- 5) and the buffers are initialized as a static shared memory allocation. The
fragments and thread tiles can be initialized directly.

We have taken the approach of creating a static buffer for A and B. In
addition, we have created an offset for each buffer that describes where
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the threads can read from and write to the buffer (Line 10 - 14). In the
main loop this offset is alternated using the variable shared_memory_stage
(see Listing A.10 Line 67 - 82). This is the fastest implementation using a
V100 with NVCC 11 we could find.

The swapping of these two buffers takes place in the main loop and the in-
structions used to accomplish this, reduce the FMA to non-FMA ration. This
swapping is, along with address calculation and boundary checks, the lim-
iting factor of a GEMM kernel. Combined with increasing the loop counter,
these instructions make up all non-FMA instructions in the main loop that
are not loading or storing. Since it is impossible to avoid loading or storing
the data and increasing the loop counter, this is one of the keys to achieving
peak performance.

Thread Block Remapping As described in Section 2.2.2, the thread block
ids are remapped, see Listing A.8. Note that if SWIZZLE does not evenly
divide M_TILES, there is need for a check such that there are no out of bounds
memory accesses.

Allowed Vector Loads and Boundary Checks Here, it is calculated if some
boundary checks are necessary and what kind of vector loads can be used.

Allowed Vector Loads At compile time it is calculated which vector loads to
use, see Listing A.9. In the general case, it would be necessary to check if
each row is well aligned. First, it is checked which vector loads are generally
available (Line 1 - 9). Then it checked whether vector loads for A may be
used in the last iteration (Line 12 - 16). Note that whenever a variable is true,
it is allowed to use the corresponding vector load.

Boundary Checks The last iteration over the K dimension is special because
boundary checks might be necessary. The conditions are found in List-
ing A.9 (Line 18 - 19). There are two conditions, as it makes a difference
whether split K is used. Note that whenever a variable is true, it is required
to make the check.

Main Loop

In this subsection the exact details of how the main loop is implemented
are described. The implementation of the main loop can be found in List-
ing A.10.

In contrast to CUTLASS, which uses template meta-programing and tile iter-
ators, cuCOSMA is written using functions that are marked with __inline__.
The compiler can insert them into the main loop and optimize them directly
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so that there is no jump instruction. These helper functions are described in
detail in Section 3.2.2.

The first thing to compute is the K index where to start the computation
(Line 2 - 3). This is not 0 in cuCOSMA because it iterates backwards trough
the K dimension. This way, the unrolled tile is exactly the one where bound-
ary checks might be necessary and no boundary checks are performed for
the K dimension in the main loop itself.

Then, data is loaded from global memory into shared memory for the first
time (Line 5 - 15). The template parameters specify what kind of vector
loads to use and if certain boundary checks are required. This is the first
part of the unrolled loop, the second part can be found on line 86 - 111.

Afterwards, a call to __syncthreads (Line 17) makes sure that all data is stored
in shared memory before continuing. The counter for the K dimension is
decreased for the first time (Line 18).

The outer loop is marked with #pragma unroll 1, this tells the compiler not
to perform optimizations, that try to reuse data from previous iterations.
The outer loop makes steps of the size LOAD_K, while the inner loop makes
steps of size 1. The inner loop is marked with #pragma unroll for maximum
performance.

In the inner loop, the following operations are performed, data is loaded
from shared memory into the registers and the multiplication is performed.
Here, double buffering is used again, but it is not implemented explicitly,
but implicitly via the #pragma unroll statement, such that the compiler finds
the correct instruction order. Two fragments are allocated and the data is
loaded into a different one depending on whether K is even or odd (Line 26
- 42). The multiplication is implemented using the same strategy (Line 60 -
64).

To prepare the next iteration of the outer loop, data for the next iteration
needs to be loaded from global into shared memory (Line 44 - 58). Note the
false as a template argument, since no bounds check for the K dimension
are necessary, and again a call to __syncthreads to make sure that all data is
stored in shared memory. Furthermore, the memory offsets need to be ad-
justed (Line 67 - 82), as described in Section 3.2.2. The shared_memory_stage
variable alternates between 1 and 0 by using an XOR operation.

The question arises at what location these two operations should be inserted
between all the FMA instructions. If the program is written directly is assem-
bly, it would be possible to control it precisely, but in a compiled language,
the compiler makes the final decision. We inserted the load from global
memory into the last iteration of the inner loop between the loads from
shared memory and the block of FMA instructions. The placement of this
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block has quite a performance impact, especially the location of the __sync-
threads plays a crucial role. This could be optimized even more carefully to
find the best place for the __syncthreads statement and is certainly one of
the big advantages of working directly in assembly. The adjustment of the
shared memory offset are inserted at the end, as this did not have an impact
on performance.

After the completion of the two loops, the inner loop get executed one more
time because the outer loop is unrolled by factor 1, but without loading data
from global memory and without adjusting the shared memory offsets (Line
86 - 111).

Finally, the matrix C needs to be loaded in case it should be scaled/mod-
ified and afterwards the result is saved back to global memory (Line 119 -
124). These two methods have an extra shared memory allocation for the
epilogue tile. The size of the shared memory was chosen such that all pos-
sible epilogue tiles fit. It is also possible to reuse the shared memory from
the main loop, but this way a call to ___syncthreads can be saved. The func-
tion load_C is described in Section 3.2.2. The function store_C is described in
Section 3.2.2.

Helper Methods

In this subsection the helper methods used in the main loop are described
in more detail.

load_Global The method load_Global is responsible for loading tiles from
global memory to shared memory. It calls the methods load_A_Global and
load_B_Global, which respectively load tiles either from the matrix A or B.

load_A_Global This method is only an intermediate step and its assembly
cannot be found in the final binary. This method determines at compile
time how the matrix A will be loaded. There are 3 possibilities: load_A-
_Global_Vector4, load_A_Global_Vector2 and load_A_Global_Single one for each
possible loading instruction of single precision floating-point numbers. It
always tries to choose the largest possible vector type, where the threads
can be mapped evenly to the tile.

load_B_Global This method is the same as load_A_Global, but for matrix
B. It uses the following 3 methods: load_B_Global_Vector4, load_B_Global_-
Vector2 and load_B_Global_Single.

load_A_Global_Vector4 This method is used to representatively explain
how all methods that load data from global memory from A or B work,
since they are all similar.
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First, the vector type is defined and the corresponding dimension is shrunk
accordingly (Line 7 - 8). The dimension is different for A and B and depends
on how the matrices are stored, as with vector instructions only data that is
stored continuously in memory can be loaded. Afterwards, it is calculated
how many loads a single thread will perform (Line 11).

Since both matrices are stored in row-major, the threads are also assigned
in a row-major way to the global tile (Line 16 - 17). Afterwards the thread
computes its corresponding address in global memory (Line 19 - 27) and
performs the necessary checks that is does not read or write out of bounds
(Line 29 - 40). Then the data is read from global memory (Line 42 - 43) and
stored into shared memory (Line 53 - 65).

When saving the global tile from A to shared memory there is one issue: The
shared memory tile of A must be stored in column major format to allow for
efficient loading into registers, while the global tile is stored in a row-major
format. As seen in Fig. 2.3, a warp loads one column from the A tile into
registers per iteration. If the A tile would be stored in row-major format,
the accesses would be far apart in linear memory and bank conflicts would
occur, while in column-major format all required values are nicely arranged.
This means that the storing to shared memory for A cannot be vectorized.
For matrix B this is not the case as both the global tile and the shared tile
are stored in a row-major format.

load_Shared This method is responsible for loading data from shared
memory into the register file. It calls the methods load_A_Shared and load_B-
_Shared to achieve this.

load_A_Shared This method is used again as an example of how data is
loaded from shared memory into register, method load_B_Shared is similar.

This method is divided into 3 parts, one for each vector type. First, as much
as possible is loaded with the largest type, and then the rest is loaded with
the smaller ones if necessary. Note that the decision of what type of loads to
use, is decided at compile time. This approach is the key of how cuCOSMA
can support practically all variations of thread tiles.

On line 6, it is calculated how often the biggest vector type will be used and
on line 8 how many threads are in the specific dimension per warp tile. Then
the thread calculates its location in the tile and the corresponding pointer in
shared memory (Line 16 - 21), finally it stores the result into to the registers
(Line 23 - 25).

The whole procedure is then repeated for the smaller types. There is to
notice, that if a greater type was used before, the address for the smaller
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ones are different. See Fig. 3.2 for an example of a decomposition of a 56x28
warp tile into 7x7 thread tiles.

A fragment

B fragment

Warp �le

1 4 2 1

1

4

2

1

Figure 3.2: The decomposition of a 56x28 warp tile into 7x7 thread tiles.

compute_inner This method assumes that the fragments and the accumu-
lator are stored in registers and performs the actual multiplication as in
Fig. 2.6.

load_C This method is responsible for loading C from global memory if
necessary and apply any scaling or other modification to the matrices before
adding them. There are two possible methods for loading C: load_C_Single
and load_C_Vector.

load_C_Vector and load_C_Single These methods work in the same way as
load_A_Shared. However, a 2D surface must be processed. The outer method
iterates over the columns, while the method with Row in the name, then
iterates over the rows and applies the scaling with BETA. The vector variant
then uses vector instructions to store the rows, while the single variant does
the shuffling described in Section 2.2.2, but backwards.

store_C This method is responsible for storing the result back to global
memory. If no split K approach is used, the vector variant can be used. Oth-
erwise, the single variant is used, which then either performs the reduction
using atomics or stores the result in an allocated array. The method store-
_C_Single performs the epilogue shuffling described in Section 2.2.2 for all
possible tile sizes.

3.2.3 Reduction Kernel

The reduction kernel launches one thread for each element in C. This
thread adds up all SPLIT_K values and performs scalings if necessary, see
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Section A.6.3. A maximum of 256 threads per thread block is launched to
allow more SMs to be used.

3.2.4 hipCOSMA

The CUDA C++ implementation of the kernel got converted to the HIP pro-
gramming language to run it on AMD GPUs. The whole code was adopted
without changes, only the warp size was adjusted from 32 to 64 and the
thread tile mapping (Section 2.2.2) was removed.
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Chapter 4

Experimental Evaluation

We evaluate the performance of cuCOSMA against the implementations
of cuBLAS [1] and CUTLASS [8] and the implementation of hipCOSMA
against rocBLAS [26] with various combinations of matrix-matrix multiplica-
tions. All multiplications were performed with matrices stored in row-major
format and single precision floating-point numbers.

4.1 Evaluation Methods

This section describes how the measurements were made and what kind of
multiplications were tested.

4.1.1 Architecture and Implementation Details

The benchmarks were performed using the Ault cluster and the XC50 com-
pute nodes of the CSCS (Swiss Natinonal Supercomputing Center). The
used nodes adhere to the specification described in Table 4.1.

Each kernel was run 110 times for each matrix-matrix multiplication, with
the first 10 iterations being warm-up rounds, where the kernel time was
not measured. In the next 100 iterations the kernel time was measured. In
addition, after each iteration, a simple kernel was launched to flush the L2
cache.

NVIDIA

All kernels were compiled using NVCC (NVIDIA CUDA Com-
piler [14]) with the following flags: -O3 -std=c++11 -gencode
arch=compute_70,code=sm_70 -lcublas. The turbo boost of the accel-
erators were disabled using export CUDA_AUTO_BOOST=0. To measure the
performance of the kernels nvprof [6] was used with the following options:
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Table 4.1: Specification of the Ault05/Ault06 and Ault20 nodes of the Ault cluster and the
XC50 compute nodes of the Piz Daint cluster.

Ault05/Ault06 Ault20 XC50

Sockets 2 2 1
Cores/Socket 18 64 12
Threads 72 256 24
CPU Model Intel® Xeon®

Gold 6140
AMD EPYC 7742 Intel® Xeon®

E5-2690 v3
RAM/Node 768 GB 128 GB 64 GB
Accelerator 4 × NVIDIA

Tesla V100 (32GB
PCIe)

6 × AMD
Radeon Instinct

MI50 (32GB)

NVIDIA Tesla
P100 16GB

–concurrentkernels off –csv –profile-from-start off –profile-
-api-trace all –printgputrace. Note that only the kernel times were
measured and not the time taken to set up the kernel or any synchronization
between kernels. Especially cuBLAS has a small advantage because the
heuristic of cuBLAS to select the best kernel for the problem is executed
at runtime, while CUTLASS and cuCOSMA execute the kernel that was
compiled. The software version used to perform the benchmarks on NVIDA
GPUs can be found in Table 4.2.

Table 4.2: Software versions used to perform the benchmarks on NVIDIA GPUs.

Ault05/Ault06 XC50

CUDA Driver Version 11.0 10.2
CUDA Runtime Version 10.2 10.2
Driver Version 450.36.06 418.39
CUDA Toolkit (NVCC, cuBLAS) 11.0 10.2
CUTLASS 2.2 2.2

AMD

The kernel were compiled using hipcc 3.5 with clang 11 with the follow-
ing flags: -O3 –amdgpu-target=gfx906 -lrocblas. To measure the perfor-
mance of the kernels hipEvents were used. The start event was measured
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before the GEMM call, while the end event was measured after the call. Note
that this time the time to set up the kernel is included in the measurement.
The benchmarks were performed using rocm 3.5.1 with driver version 5.6.0.

4.1.2 Matrix Dimensions

We benchmark square, large N, large K and flat matrices, see Table 4.3. For
each type of matrix-matrix multiplication a certain set of ω was selected
from the range min ω to max ω and the dimensions were calculated as
shown in the table. Note that ω is non evenly spaced, it becomes more
sparse the larger it gets.

Table 4.3: The types of matrices we benchmark.

M N K min ω max ω

Square ω ω ω 1 16384
Large N ω ω2 ω 1 1024
Large K ω ω ω2 1 1024
Flat ω2 ω2 ω 1 196

Furthermore, we selected some special matrices for which the cuBLAS ker-
nels are not best suited to demonstrate the flexibility of the cuCOSMA ker-
nel.

4.2 Results

We will present the results and analyze them.

4.2.1 Individual Components

In this subsection some individual components of cuCOSMA are analyzed.

SWIZZLE

To find out whether the SWIZZLE technique, introduced in Section 2.2.2,
provides performance enhancements , a multiplication with the parameters
defined in Listing 4.1 was performed, where all parameters are fixed except
SWIZZLE varies from 1 to 16.

As seen in Fig. 4.1, there is no performance increase using a bigger SWIZZLE
parameters than 1 on a NVIDIA Tesla V100 for this specific multiplication.
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• M: 16384

• N: 16384

• K: 16384

• THREADBLOCK_TILE_M: 128

• THREADBLOCK_TILE_N: 128

• THREADBLOCK_TILE_K: 16384

• WARP_TILE_M: 32

• WARP_TILE_N: 64

• THREAD_TILE_N: 8

• THREAD_TILE_M: 8

• LOAD_K: 8

• SPLIT_K: 1

• ALPHA: 1

• BETA: 0

• A_OFFSET: 4

• B_OFFSET: 0

• ADDITIONAL_OCCUPANCY_WARP: 4

• ADDITIONAL_OCCUPANCY_SM: 2

• B_OFFSET: 0

• SWIZZLE: 1-16

Listing 4.1: Parameters used for the evaluation of SWIZZLE.

However, on the NVIDIA Tesla P100 a performance increase can be seen for
the same multiplication, see Fig. 4.2.
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Figure 4.1: Measurements of a 16384x16384
* 16384x16384 multiplication using cuCOSMA
on a V100 with NVCC 11.0, where all param-
eters are fixed according to Listing 4.1 except
the SWIZZLE varies from 1 to 16.
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Figure 4.2: Measurements of a 16384x16384
* 16384x16384 multiplication using cuCOSMA
on a P100 with NVCC 10.2, where all param-
eters are fixed according to Listing 4.1 except
the SWIZZLE varies from 1 to 16.

The NVIDIA Tesla V100 used to perform this tests has a 6 MB L2 cache,
while the NVIDIA Tesla P100 has a 4 MB L2 cache. For the NVIDIA Tesla
P100, swizzling can enforce that there is more good data in the cache, while
the cache on the NVIDIA Tesla V100 already does a good job on its own
and swizzling is unnecessarily trying to improve the hit rate by caching too
much data. This strategy is unlikely to play an important role in the future,
as L2 caches are growing rapidly (NVIDIA Tesla A100 has 40 MB L2 Cache)
and the hit rate is already good (Example from Fig. 4.1 with SWIZZLE = 1
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has a L2 hit rate > 80%). However, the L2 cache plays an important role. If
one implementation has an even slightly higher L2 hit rate than another, it
will probably be faster in the end, even if it needs some more instructions.

Additional plots for square matrices can be found in Section A.2.1.

Atomics vs. Reduction Kernel

To perform the necessary reduction in a split K scenario, the cuCOSMA ker-
nel offers two implementations: one uses atomics to perform the reduction
and the other one launches an additional reduction kernel. To measure the
difference between these implementations, all large K multiplications were
performed once with a reduction kernel and once with atomics. Fig. 4.3
compares the two implementations, the atomic kernel was taken as baseline.
The atomic variant is especially useful for smaller matrices and as matrices
become larger, the reduction kernel performs better. This can be explained
by the fact that atomic instructions are not much slower than normal stores
in typical GEMM computation, but for smaller matrices the additional re-
duction kernel (about 20 µs ) is a big overhead. Furthermore, it can happen
that depending on how the thread blocks are scheduled, that atomic stores
will lead to congestion and therefore there are some outliers, see ω = 1000.
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Figure 4.3: Speedup in comparison to cuCOSMA using atomic reduction of large K matrices
on a V100 with NVCC 11.0. The kernel were launched using the configuration provided by the
schedule generator.

4.2.2 End-to-End Performance

In this subsection the performance of the different implementations is ana-
lyzed.

Performance NVIDIA

Here, the overall performance of the kernels on NVIDIA GPUs is compared.
A matrix-matrix multiplication was performed using the same 128x128 tile
sizes with all 3 competitors.
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Figure 4.4: Measurements of a 16384x16384 * 16384x16384 multiplication on a V100 with
NVCC 11.0. All implementations use the same tile sizes.

As seen in Fig. 4.4, cuCOSMA is faster than CUTLASS but still slower than
cuBLAS using the same configuration for this multiplication. More plots
for some square matrices can be found in Section A.2.2. For the measure-
ments we made, cuCOSMA is overall 1.8%± 3.38 slower than cuBLAS, while
CUTLASS is 4.99%± 3.82 slower than cuBLAS and cuCOSMA consistently
outperforms CUTLASS.

If cuBLAS has the right kernel for a problem, it will also have the fastest
implementation, although the kernel probably has to be selected manually
using cublasGemmEx [3]. With the current compiler capabilities, handwritten
assembly is more fine-tuned than compiler generated assembly.

Element-wise Functions

While cuBLAS represents the state-of-the-art in GEMM performance, it lacks
the possibility to support other epilogues, like for example element-wise
functions, which are often used in machine learning. It is not impossible
to add this functionality manually to the cuBLAS assembly, but the average
user will probably perform this in an additional kernel, while the element-
wise functions can easily be added in a compiler generated kernel like cu-
COSMA or CUTLASS. The cuBLAS library also supports element-wise func-
tions with the cuBLASLt API [4], but only the ReLu [25] function, others
have to be created manually.

To see if cuBLAS is still faster even if an additional kernel is needed, we
performed benchmarks with an additional sigmoid kernel (Listing A.36).

Whether cuBLAS with an additional kernel or cuCOSMA is faster depends
on the chosen multiplication. For a big 8192x8192 * 8192x8192 multiplication
it is worth to start two kernels, as the advantage of the cuBLAS kernel is suf-
ficiently large, see Fig. 4.5. If the K dimension is reduced to 1024, cuCOSMA
is faster using an integrated sigmoid function, see Fig. 4.6. The reduction
kernel is a big overhead if the K dimension is small compared to the M and
N dimension.
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Figure 4.5: Measurements of a 8192x8192 *
8192x8192 multiplication with the sigmoid func-
tion on a V100 with NVCC 11.0. All imple-
mentations use the 128x128 thread block tile
sizes. CUTLASS and cuCOSMA perform the
element-wise function in the same kernel as the
multiplication, while for cuBLAS another kernel
is launched to perform to activation.
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Figure 4.6: Measurements of a 8192x1024
* 1024x8192 multiplication on a V100 with
NVCC 11.0. All implementations use the
128x128 thread block tile sizes. CUTLASS and
cuCOSMA perform the element-wise function
in the same kernel as the multiplication, while
for cuBLAS another kernel is launched to per-
form to activation.

Performance AMD

On NVIDIA implementations it is possible to customize the kernel configu-
ration, this is not possible in rocBLAS. There is only one standard algorithm.

As shown in Fig. 4.7, hipCOSMA can outperform rocBLAS significantly in a
large matrix-matrix multiplication. While for a smaller multiplication of size
4096x4096 * 4096*4096 hipCOSMA is only about 1.3× faster than rocblas, see
Fig. 4.9. We observed that the relative performance of rocBLAS compared
to the peak performance decreases with increasing matrix size, as seen in
Fig. 4.7, Fig. 4.8 and Fig. 4.9.
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Figure 4.7: Measurements of
a 16384x16384 * 16384x16384
multiplication on an AMD
Radeon Instinct MI50. The
rocBLAS implementation is
invoked using rocblas_sgemm.
hipCOSMA is invoked with:
THREADBLOCK_TILE_N_M:
128, THREADBLOCK_TILE_K:
8192, WARP_TILE_N_M: 64,
THREAD_TILE_N_M: 8, LOAD_K:
8, SPLIT_K: 1
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Figure 4.8: Measurements
of a 8192x8192 * 8192x8192
multiplication on an AMD
Radeon Instinct MI50. The
rocBLAS implementation is
invoked using rocblas_sgemm.
hipCOSMA is invoked with
: THREADBLOCK_TILE_N_M:
128, THREADBLOCK_TILE_K:
8192, WARP_TILE_N_M: 64,
THREAD_TILE_N_M: 8, LOAD_K:
8, SPLIT_K: 1
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Figure 4.9: Measurements
of a 4096x4096 * 4096x4096
multiplication on an AMD
Radeon Instinct MI50. The
rocBLAS implementation is
invoked using rocblas_sgemm.
hipCOSMA is invoked with
: THREADBLOCK_TILE_N_M:
128, THREADBLOCK_TILE_K:
8192, WARP_TILE_N_M: 64,
THREAD_TILE_N_M: 8, LOAD_K:
8, SPLIT_K: 1
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4.2.3 Schedule Generator

In this subsection, the results of the matrix-matrix multiplications, as de-
scribed in Section 4.1.2, are presented.

The cuBLAS kernel is invoked using the cublasSgemm method, where a
heuristic is used to choose the best kernel. CUTLASS is invoked with its
default configuration and cuCOSMA is invoked using the configuration pro-
vided by the schedule generator.
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Figure 4.10: Speedup in comparison to cuBLAS
of square matrices on a V100 with NVCC 11.0.
The cuBLAS kernel is invoked using cublasS-
gemm. CUTLASS is invoked with its default
configuration and cuCOSMA uses the configu-
ration provided by the schedule generator.
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Figure 4.11: Peak performance for square ma-
trices on a V100 with NVCC 11.0. The cuBLAS
kernel is invoked using cublasSgemm. CUT-
LASS is invoked with its default configuration
and cuCOSMA uses the configuration provided
by the schedule generator.

Fig. 4.10 and Fig. 4.11 show the results for square matrices. For square
matrices the schedule generator usually chooses good configurations. In
the range ω = 2000, it performs slightly worse than cuBLAS, but it can
outperform cuBLAS for ω > 10000 and for small matrices.
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Figure 4.12: Speedup in comparison to cuBLAS
of large N matrices on a V100 with NVCC 11.0.
The cuBLAS kernel is invoked using cublasS-
gemm. CUTLASS is invoked with its default
configuration and cuCOSMA uses the configu-
ration provided by the schedule generator.
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Figure 4.13: Peak performance for large N ma-
trices on a V100 with NVCC 11.0. The cuBLAS
kernel is invoked using cublasSgemm. CUT-
LASS is invoked with its default configuration
and cuCOSMA uses the configuration provided
by the schedule generator.
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For large N matrices, see Fig. 4.12 and Fig. 4.13, cuCOSMA can outperform
cuBLAS for small matrices, but if the matrices become larger, the schedule
generator chooses bad performing configurations.

The results for large K and flat matrices can be found in Section A.2.3. We
will not comment on them as the results look similar to those for large N.

For small matrices cuCOSMA can excel because the kernel is more flexible
than cuBLAS and the schedule generator can advantage of this by using
more CUDA cores to solve the problem faster. After all CUDA cores are
used, the schedule generator tries to minimize the communication volume,
which usually leads to a worse performance compared to cuBLAS. In these
scenarios, cuCOSMA often uses a 3D decomposition using split K, while
cuBLAS used one of its smaller 2D kernel. Towards the end, the larger
the matrices become, the more cuCOSMA can catch up to or even overtake
cuBLAS. However, cuCOSMA using a schedule generator is always faster
than CUTLASS, which uses its default configuration.

cuBLAS practically never uses its 128x128 kernel, although it is most efficient
for large matrices, but uses the 128x64 kernel instead. The 128x128 kernel
can be implemented such that each thread uses 128 registers. In the 128x128
kernel each thread block launches 256 threads, this results in 32768 registers
used per thread block, exactly half of what an SM can provide. Therefore
the 128x128 kernel is the largest kernel that can still reach an occupancy of
2, as soon as the size of the kernel is further increased, the occupancy is
reduced to 1, which has a negative effect on performance.

If one takes a closer look at the results and examines which kernels cuBLAS
launches, one can observe that the 128x64 kernel is often the better choice
than the 128x128 kernel for large N and flat matrices, while for Large K
matrices, the 32x128 kernel without split K outperforms other versions that
use a larger kernel but with Split K.

There are two possible explanations why smaller kernels that cause more
communication volume perform better than large kernels. Smaller kernel
usually achieve a higher occupancy than bigger kernels, it is possible that
the increased occupancy has a positive effect on the performance because
there is always a warp ready to be scheduled. What seems more likely to
us, however, is that smaller kernels have a higher L2 cache hit rate in certain
multiplications. We could observe that the fastest kernel for a problem is of-
ten the one with the highest L2 hit rate, if all SMs of the GPU are sufficiently
occupied and not too small kernels are chosen.

Consequently, we think that the communication volume alone is not the
appropriate metric to implement a scheduler generator for matrix-matrix
multiplication on the GPU. The L2 cache and the occupancy have signifi-
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cant impact on performance and should also be reflected in the schedule
generator.

An improved heuristic for selecting tile sizes could work as follows: If the
resources of the GPU are well utilized with a 2D schedule, it is not worth
switching to a 3D schedule to further reduce the communication volume.
Furthermore, if the M or N dimension is small, more weight should be
placed on occupancy than on the communication volume.

4.2.4 Special Matrices

This subsection presents some special matrix-matrix multiplications in which
cuCOSMA could outperform cuBLAS. The configuration of cuCOSMA is se-
lected manually, while for cuBLAS all kernels are launched to find the fastest
one. All kernels from CUBLAS_GEMM_ALGO0 up to CUBLAS_GEMM-
_ALGO23 and CUBLAS_GEMM_DEFAULT are considered. The following
figures include only the fastest cuBLAS kernel.

Fig. 4.14 shows the performance for a square 128x128 * 128x128 multiplica-
tion. While cuBLAS uses its smallest and fastest kernel for this problem,
the cuCOSMA kernel can adapt better to this problem and use more CUDA
cores to solve the problem faster. Thus, cuCOSMA could achieve a speedup
of about 2× compared to cuBLAS.

Fig. 4.15 shows the performance of a multiplication with small M and N
but large K dimension. cuBLAS uses a 32x32sliceK+SplitK kernel, which is
too large for this problem and performs unnecessary work. The cuCOSMA
kernel without slice K can adapt itself better and reach a speedup of about
1.3× compared to cuBLAS.
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Figure 4.14: Measurements of a 128x128
* 128x128 multiplication on a V100 with
NVCC 11.0. cuCOSMA uses the follow-
ing configuration: THREADBLOCK_TILE_M: 16,
THREADBLOCK_TILE_N: 32 , THREADBLOCK-
_TILE_K: 32, WARP_TILE_M: 8, WARP_TILE-
_N: 16, THREAD_TILE_N: 2, THREAD_TILE_M:
2, LOAD_K: 8, SPLIT_K: 4, ATOMIC_REDUCTION:
true, SWIZZLE: 1, ALPHA: 1, BETA: 0.
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Figure 4.15: Measurements of a 4x3000000
* 3000000x8 multiplication on a V100 with
NVCC 11.0. cuCOSMA uses the follow-
ing configuration: THREADBLOCK_TILE_M: 4,
THREADBLOCK_TILE_N: 8, THREADBLOCK_TILE-
_K: 9375, WARP_TILE_M: 4, WARP_TILE_N: 8,
THREAD_TILE_N: 1, THREAD_TILE_M: 1, LOAD-
_K: 8, SPLIT_K: 320, ATOMIC_REDUCTION: true,
SWIZZLE: 1, ALPHA: 1, BETA: 0.

42



4.2. Results
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Figure 4.16: Measurements of a 4x4 *
4x3000000 multiplication on a V100 with
NVCC 11.0. cuCOSMA uses the fol-
lowing configuration: THREADBLOCK_TILE_M:
4, THREADBLOCK_TILE_N: 256, THREADBLOCK-
_TILE_K: 4, WARP_TILE_M: 4, WARP_TILE_N:
256, THREAD_TILE_N: 4, THREAD_TILE_M: 8,
LOAD_K: 2, SPLIT_K: 1, ATOMIC_REDUCTION:
true, SWIZZLE: 1, ALPHA: 1, BETA: 0.
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Figure 4.17: Measurements of a 38416x4
* 4x38416 multiplication on a V100 with
NVCC 11.0. cuCOSMA uses the following
configuration: THREADBLOCK_TILE_M: 38416,
THREADBLOCK_TILE_N: 38416, THREADBLOCK-
_TILE_K: 4, WARP_TILE_M: 128, WARP_TILE-
_N: 128, THREAD_TILE_N: 32, THREAD_TILE_M:
64, LOAD_K: 2, SPLIT_K: 1, ATOMIC_REDUCTION:
false, SWIZZLE: 1, ALPHA: 1, BETA: 0.

Fig. 4.16 shows a multiplication with large N but small K and M dimen-
sion. The cuCOSMA kernel can adapt better to the problem and can reach
a speedup of about 10× compared to cuBLAS.

Fig. 4.17 shows a multiplication with small K but large M and N dimension.
Here, the cuBLAS heuristic chooses the best kernel for the problem, but the
128x128 kernel itself is only efficient for larger K dimension. The cuCOSMA
kernel can also better to the problem and can reach a speedup of about 1.2×
compared to cuBLAS.

In summary, the cuBLAS kernels are only efficient if M and N are greater
than 32 and if K is greater than 8. If one of the three dimensions is smaller
or the matrix-matrix multiplication itself is small, we expect cuCOSMA to
outperform cuBLAS.
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Chapter 5

Conclusion

The fastest matrix-matrix multiplication kernels in CUDA are those of cu-
BLAS, which are written manually in assembly. Although the kernels of
cuBLAS cannot cover every problem well and the heuristic for selecting the
best kernel for a problem is not perfect, cuBLAS is mostly unbeatable.

Assuming that each matrix row is properly aligned and that the matrix di-
mensions are available at compile time, we wrote a matrix-matrix multipli-
cation kernel in CUDA C++ that is faster than CUTLASS, but slower than
cuBLAS using the same tile sizes. The cuCOSMA kernel supports practically
all tile sizes and can provide the fastest implementation in special cases that
are not well covered by cuBLAS. Furthermore, hipCOSMA shows significant
speedups compared to rocBLAS for large multiplications.

We have tried to integrate the findings of COSMA [31] into a schedule gen-
erator to generate tile sizes for the cuCOSMA kernel. However, it showed
that the communication volume is not the only metric to measure which tile
sizes for a particular problem are good for the whole problem space. This
metric shows a positive effect with large multiplications. Thus, other factors
also play an important role, such as occupancy and the L2 cache hit rate.

5.1 Future Work

Throughout the implementation of the kernel, we have paid relatively little
attention to the L2 cache. In retrospect, however, it turned out to be one of
the more important factors for achieving peak performance. We think it is
certainly worthwhile to investigate whether SWIZZLE (Section 2.2.2) can be
improved and how this technique performs with non-square matrices.

It can already happen today that a GEMM kernel is bandwidth-limited
and the performance strongly depends on the L2 cache. This problem
will become even more severe in the future as peak performance will be
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greatly increased by tensor cores. Tensor cores are special hardware units
on the GPU that can compute small GEMMs directly in hardware and
achieve much higher peak performance for GEMM computations than nor-
mal CUDA cores. It is therefore certainly worth investigating whether in
certain cases it is worth reducing the occupancy to achieve a higher L2 hit
rate as described in Section 3.1.4. (We speculate that one of the reasons for
the disproportionate increase of the L2 cache size in the NVIDIA Tesla A100
(see Table A.1) is that, since FP64 tensor cores were added, NVIDIA wanted
to make sure that the DGEMM kernel is not limited by memory bandwidth.)

The cuCOSMA kernel currently only supports single precision floating-point
numbers and 32-bit integers as data types, the matrices have to be stored in
row-major format. Thus, support for column-major layouts and other data
types is missing, as well as the support for tensor cores. Furthermore, the
cuCOSMA kernel lacks support for slice K (Section 2.2.2).

The hipCOSMA kernel should be further optimised for AMD GPUs as it
does not yet come close to achieving peak performance. For example, it
is still to be investigated whether the same warp broadcasting limitation is
present in AMD GPUs, that can be found in NVIDIA GPUs (Section 2.2.2).

The presented schedule generator is not yet perfect, there is still room for
further enhancements. The improvements referred to in Section 4.2.3 could
thus be incorporated.
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Appendix

A.1 Example of a kernel limited by memory band-
width

Assume a NVIDIA RTX 2080 Ti [15] with the following specifications:

• SM Count: 68

• Threads per SM: 64

• Memory Bandwidth: 616 GB/s

• Clock speed: 1635 MHz

We use the following kernel for an infinitely big multiplication:

• M: ∞

• N: ∞

• K: ∞

• THREADBLOCK_TILE_M: 64

• THREADBLOCK_TILE_N: 64

• THREADBLOCK_TILE_K: ∞

• WARP_TILE_M: 64

• WARP_TILE_N: 32

• THREAD_TILE_N: 8

• THREAD_TILE_M: 8

• LOAD_K: 8

This will result in 64 threads being launched for each thread block. In
the main loop of the kernel, there are THREAD_TILE_N ∗ THREAD_TILE_M ∗
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LOAD_K = 512 FMAD instructions, assume that about 20 more cycles are
needed in the main loop for the calculation of indices, increasing the loop
counter and everything else. In the main loop each thread needs to load 128
bytes from global memory to shared memory (See Equation (A.1)).

(THREADBLOCK_TILE_M+ THREADBLOCK_TILE_N) ∗ LOAD_K
threads

∗ 8 (A.1)

The required memory bandwidth by the kernel can be computed as shown
in Equation (A.2) and Equation (A.3).

SM_count ∗ threads_per_SM ∗ bytes_mainloop ∗ clock_ f req
cycles_mainloop

(A.2)

68 ∗ 64 ∗ 128 ∗ 1.635
532

≈ 1712 GB/s (A.3)

The required bandwidth exceeds the provided bandwidth by a lot. In reality,
the performance depends on the hit rate of the L2 cache. One solution to
alleviate this problem is to choose larger thread bock tile sizes that cause
less communication volume.

A.2 Performance Figures

A.2.1 Individual Components
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Figure A.1: Measurements of a 8192x8192 *
8192x8192 multiplication using cuCOSMA on a
V100 with NVCC 11.0, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.2: Measurements of a 8192x8192 *
8192x8192 multiplication using cuCOSMA on a
P100 with NVCC 10.1, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.3: Measurements of a 4096x4096 *
4096x4096 multiplication using cuCOSMA on a
V100 with NVCC 11.0, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.4: Measurements of a 4096x4096 *
4096x4096 multiplication using cuCOSMA on a
P100 with NVCC 10.1, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.5: Measurements of a 2048x2048 *
2048x2048 multiplication using cuCOSMA on a
V100 with NVCC 11.0, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.6: Measurements of a 2048x2048 *
2048x2048 multiplication using cuCOSMA on a
P100 with NVCC 10.1, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.7: Measurements of a 1024x1024 *
1024x1024 multiplication using cuCOSMA on a
V100 with NVCC 11.0, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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Figure A.8: Measurements of a 1024x1024 *
1024x1024 multiplication using cuCOSMA on a
P100 with NVCC 10.1, where all parameters are
fixed according to Listing 4.1 except SWIZZLE
varies from 1 to 16.
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A.2.2 Performance NVIDIA
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Figure A.9: Measurements of a 8192x8192
* 8192x8192 multiplication on a V100 with
NVCC 11.0. All implementations use the same
tile sizes.
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Figure A.10: Measurements of a 4096x4096
* 4096x4096 multiplication on a V100 with
NVCC 11.0. All implementations use the same
tile sizes.
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Figure A.11: Measurements of a 2048x2048
* 2048x2048 multiplication on a V100 with
NVCC 11.0. All implementations use the same
tile sizes.
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Figure A.12: Measurements of a 1024x1024
* 1024x1024 multiplication on a V100 with
NVCC 11.0. All implementations use the same
tile sizes.

cuBLAS cuCOSMA CUTLASS
114

116

118

120

122

124

126

128

Ru
nt

im
e 

[µ
s]

M = 512, N = 512, K = 512

Figure A.13: Measurements of a 512x512 *
512x512 multiplication on a V100 with NVCC
11.0. All implementations use the same tile
sizes.
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Figure A.14: Measurements of a 256x256 *
256x256 multiplication on a V100 with NVCC
11.0. All implementations use the same tile
sizes.
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Figure A.15: Measurements of a 128x128 *
128x128 multiplication on a V100 with NVCC
11.0. All implementations use the same tile
sizes.

A.2.3 Schedule Generator
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Figure A.16: Speedup in comparison to
cuBLAS of large K matrices on a V100 with
NVCC 11.0. The cuBLAS kernel is invoked us-
ing the cublasSgemm method, where a heuristic
is used to choose the best kernel. CUTLASS is
invoked with its default configuration and cu-
COSMA uses the configuration provided by the
schedule generator.
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Figure A.17: Peak performance for large K
matrices on a V100 with NVCC 11.0. The
cuBLAS kernel is invoked using the cublasS-
gemm method, where a heuristic is used to
choose the best kernel. CUTLASS is invoked
with its default configuration and cuCOSMA
uses the configuration provided by the schedule
generator.

50



A.3. Hardware details used by the schedule generator

0 25 50 75 100 125 150 175 200

0.6

0.8

1.0

1.2

1.4

1.6

1.8

Sp
ee

du
p

M = 2, N = 2, K = 
CUTLASS
cuBLAS
cuCOSMA

Figure A.18: Speedup in comparison to
cuBLAS of flat matrices on a V100 with NVCC
11.0. The cuBLAS kernel is invoked using the
cublasSgemm method, where a heuristic is used
to choose the best kernel. CUTLASS is invoked
with its default configuration and cuCOSMA
uses the configuration provided by the schedule
generator.
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Figure A.19: Peak performance for flat ma-
trices on a V100 with NVCC 11.0. The
cuBLAS kernel is invoked using the cublasS-
gemm method, where a heuristic is used to
choose the best kernel. CUTLASS is invoked
with its default configuration and cuCOSMA
uses the configuration provided by the schedule
generator.

A.3 Hardware details used by the schedule generator

• The number of streaming multiprocessors

• The number of warps per streaming multiprocessors;

• Maximum amount of shared memory per SM

• Maximum amount of shared memory per thread block

• Number of 32-bit registers per SM

• Maximum number of 32-bit registers per thread block

• Maximum number of 32-bit registers per thread

• Memory bandwidth

• Clock frequency

• L2 cache size

• Maximum number of threads per block

• Compute Capability

• Amount of global memory (Only used to decide if it is even possible
to multiply the matrices.)

• Maximum number of resident blocks per SM

• Maximum number of resident warps per SM

• Maximum number of resident threads per SM
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A.4 Schedule Generator
1 Schedule best_schedule;
2

3 for (int load_k : load_k_possible)
4 for (int thread_tile_m : threadtiles_possible)
5 for (int thread_tile_n : threadtiles_possbile)
6 for (int warp_tile_m = thread_tile_m; warp_tile_m <= registers_per_warp; warp_tile_m += thread_tile_m)
7 for (int warp_tile_n = thread_tile_n; warp_tile_n <= registers_per_warp; warp_tile_n += thread_tile_n)
8 for (int thread_block_m = warp_tile_m; thread_block_m <= registers_per_thread_block; thread_block_m += warp_tile_m)
9 for (int thread_block_n = warp_tile_n; thread_block_n <= registers_per_thread_block; thread_block_n += warp_tile_n)

10 for (int split_k = 1; split_k <= SMs * Warps_per_SM * 2; split_k++) {
11

12 Schedule schedule(load_k,thread_tile_m,thread_tile_n,warp_tile_m,warp_tile_n,thread_block_m,thread_block_n,split_k)
13

14 if(!fulfills_constraints(schedule)){
15 continue;
16 }
17

18

19 if(schedule > best_schedule){
20 best_schedule = schedule;
21 }
22 }

Listing A.1: Schedule generator with 8 for loops.
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A.5 Evolution of L2 cache size, memory bandwidth and peak performance of NVIDIAs

Tesla series

Table A.1: Evolution of L2 cache size, memory bandwidth and peak performance of NVIDIAs Tesla series

C870 C1060 M2090 K40 M40 P100 V100 A100

Memory bandwidth 76 GB/s 102 GB/s 177 GB/s 288 GB/s 288 GB/s 732 GB/s 900 GB/s 1555 GB/s
Increase 34 % 73 % 62 % 0 % 154 % 23 % 72 %
Performance FP32 345 GF 622 GF 1.3 TF 4.3 TF 6.8 TF 10.6 TF 15.7 TF 19.5 TF
Increase 80 % 109 % 230 % 58 % 55 % 48 % 24 %
Performance FP64 77 GF 666 GF 1.4 TF 0.2 TF 5.3 TF 7.8 TF 9.7 TF
Increase 765 % 110 % - 85 % 2550 % 47 % 24 %
L2 cache size 96 KB 256 kB 768 KB 1.5 MB 3 MB 4 MB 6 MB 40 MB
Increase 166 % 200 % 100 % 100 % 33 % 50 % 566 %
Peak performance FP64 Tensor Core 19.5 TF
Increase 150 %

Sources: C870: [18], C1060: [17], M2090: [21], K40: [19] [20], M40: [22], P100: [23], V100: [24], A100: [16]

We always used the fastest single GPU model of the respective generation for comparison. The huge increase in memory
bandwidth from M40 to P100 can be explained by the new HBM2 [12] memory technology. The M40 has practically no
FP64 cores, which is why it perform poorly in this discipline.
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A.6 cuCOSMA Code Listings

A.6.1 Launch

Configuration
1 # define TYPE float
2 # define VECTORTYPE2 float2
3 # define VECTORTYPE4 float4
4 # define M 4096
5 # define N 4096
6 # define K 4096
7 # define THREADBLOCK_TILE_M 128
8 # define THREADBLOCK_TILE_N 128
9 # define THREADBLOCK_TILE_K 4096

10 # define LOAD_K 8
11 # define WARP_TILE_M 32
12 # define WARP_TILE_N 64
13 # define THREAD_TILE_M 8
14 # define THREAD_TILE_N 8
15 # define A_OFFSET 4
16 # define B_OFFSET 0
17 # define SWIZZLE 1
18 # define SPLIT_K 1
19 # define ATOMIC_REDUCTION true
20 # define ADDITIONAL_OCCUPANCY_SM 2
21 # define ALPHA 1
22 # define BETA 0

Listing A.2: Example config.h file.
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Kernel

Table A.2: cosmaSgemm Parameters

A <type> array of dimensions lda * k.
lda leading dimension of two-dimensional array used to store the matrix A.
B <type> array of dimension ldb * n
ldb leading dimension of two-dimensional array used to store matrix B.
C <type> array of dimensions ldc * n
ldc leading dimension of a two-dimensional array used to store the matrix C.

1 # define THREADS ((THREADBLOCK_TILE_M / WARP_TILE_M) * (THREADBLOCK_TILE_N / WARP_TILE_N) * 32)
2

3 void cosmaSgemm(
4 const TYPE *__restrict__ A, const int lda,
5 const TYPE * __restrict__ B, const int ldb,
6 TYPE *__restrict__ C, const int ldc) {
7

8 if (BETA != 1 && ((SPLIT_K > 1 && ATOMIC_REDUCTION) || ALPHA == 0)) {
9

10

11 cublasHandle_t handle;
12 cublasCreate(&handle);
13

14 const float factor = BETA;
15

16 cublasSscal(handle, ldc * M, &factor, C, 1);
17

18 cublasDestroy(handle);
19

20 cudaGetLastError();
21 cudaDeviceSynchronize();
22

23 }
24

25 if (ALPHA != 0) {
26

27 constexpr int N_TILES = (N + THREADBLOCK_TILE_N - 1) / THREADBLOCK_TILE_N;
28 constexpr int M_TILES = (M + THREADBLOCK_TILE_M - 1) / THREADBLOCK_TILE_M;
29

30 constexpr dim3 dimBlock(THREADS, 1, 1);
31 dim3 dimGrid;
32

33 if (SWIZZLE != 1) {
34

35 constexpr int N_TILES_SWIZZLE = N_TILES * SWIZZLE;
36 constexpr int M_TILES_SWIZZLE = (M_TILES + SWIZZLE - 1) / SWIZZLE;
37

38 dimGrid.x = N_TILES_SWIZZLE;
39 dimGrid.y = M_TILES_SWIZZLE;
40 dimGrid.z = SPLIT_K;
41
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42 } else {
43

44 dimGrid.x = N_TILES;
45 dimGrid.y = M_TILES;
46 dimGrid.z = SPLIT_K;
47

48 }
49

50 if (SPLIT_K != 1 && !ATOMIC_REDUCTION) {
51

52 TYPE* C_SPLITK;
53

54 cudaMalloc(&C_SPLITK, sizeof(TYPE) * M * N * SPLIT_K);
55

56 cosmaSgemm_kernel<<<dimGrid, dimBlock>>>(A,lda,B,ldb,C_SPLITK,N);
57

58 cudaGetLastError();
59 cudaDeviceSynchronize();
60

61 cosmaSplitKReduce(C, ldc, C_SPLITK);
62

63 cudaFree(C_SPLITK);
64

65 } else {
66

67 cosmaSgemm_kernel<<<dimGrid, dimBlock>>>(A,lda,B,ldb,C,ldc);
68

69 }
70

71 }
72 }

Listing A.3: cuCOSMA kernel launch.

A.6.2 Implementation

Prologue

Kernel signature
1 __global__ void
2 __launch_bounds__(THREADS, ADDITIONAL_OCCUPANCY_SM)
3 cosmaSgemm_kernel(const TYPE * __restrict__ A,
4 const int lda, const TYPE * __restrict__ B,
5 const int ldb, TYPE * __restrict__ C, const int ldc) {
6

7 ...
8

9 }

Listing A.4: The kernel signature.
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Assertions
1 constexpr int M_WARPS = THREADBLOCK_TILE_M / WARP_TILE_M;
2 constexpr int N_WARPS = THREADBLOCK_TILE_N / WARP_TILE_N;
3

4 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
5 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
6

7 static_assert(THREAD_TILE_N < 4 || WARP_TILE_N % 4 == 0 || N_WARPS == 1,
8 "Threadtile smaller 4 or Warptile mod 4 for vector access");
9 static_assert(THREAD_TILE_M < 4 || WARP_TILE_M % 4 == 0 || M_WARPS == 1,

10 "Threadtile smaller 4 or Warptile mod 4 for vector access");
11 static_assert(THREAD_TILE_N < 2 || WARP_TILE_N % 2 == 0 || N_WARPS == 1,
12 "Threadtile smaller 2 or Warptile mod 2 for vector access");
13 static_assert(THREAD_TILE_M < 2 || WARP_TILE_M % 2 == 0 || M_WARPS == 1,
14 "Threadtile smaller 2 or Warptile mod 2 for vector access");
15

16 static_assert(WARP_TILE_N % THREAD_TILE_N == 0,
17 "Threadtile needs to divde warptile");
18 static_assert(WARP_TILE_M % THREAD_TILE_M == 0,
19 "Threadtile needs to divde warptile");
20 static_assert(THREADBLOCK_TILE_M % WARP_TILE_M == 0,
21 "Warptilde needs to divide Threadblocktile");
22 static_assert(THREADBLOCK_TILE_N % WARP_TILE_N == 0,
23 "Warptilde needs to divide Threadblocktile");
24 static_assert(N_THREADS * M_THREADS == 32, "Warp has 32 Threads");

Listing A.5: Static assertions, what kind of tile sizes we allow.
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Warp and Thread Mapping
1 constexpr int M_WARPS = THREADBLOCK_TILE_M / WARP_TILE_M;
2 constexpr int N_WARPS = THREADBLOCK_TILE_N / WARP_TILE_N;
3

4 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
5 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
6

7 const int WarpId = threadIdx.x / 32;
8 const int threadId = threadIdx.x % 32;
9

10 const int WarpIdx = WarpId % N_WARPS;
11 const int WarpIdy = WarpId / N_WARPS;
12

13 int LaneIdx;
14 int LaneIdy;
15

16 if (N_THREADS == 1) {
17

18 LaneIdx = 0;
19 LaneIdy = threadId;
20

21 } else if (N_THREADS == 2) {
22

23 LaneIdx = (((threadId & 0x60) >> 4) | (threadId & 1));
24 LaneIdy = ((threadId >> 1) & (M_THREADS - 1));
25

26 } else if (N_THREADS == 4) {
27

28 LaneIdx = (((threadId & 0x30) >> 3) | (threadId & 1));
29 LaneIdy = ((threadId >> 1) & (M_THREADS - 1));
30

31 } else if (N_THREADS == 8) {
32

33 LaneIdx = (((threadId & 0x18) >> 2) | (threadId & 1));
34 LaneIdy = ((threadId >> 1) & (M_THREADS - 1));
35

36 } else if (N_THREADS == 16) {
37

38 LaneIdx = (((threadId & 0x1c) >> 1) | (threadId & 1));
39 LaneIdy = ((threadId >> 1) & (M_THREADS - 1));
40

41 } else if (N_THREADS == 32) {
42

43 LaneIdx = threadId;
44 LaneIdy = 0;
45 }

Listing A.6: Warp and Thread Mapping.
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Buffer Setup
1 constexpr int A_SHARED_SIZE = (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K;
2 constexpr int A_SHARED_BUFFER = 2 * A_SHARED_SIZE;
3

4 constexpr int B_SHARED_SIZE = LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET);
5 constexpr int B_SHARED_BUFFER = 2 * B_SHARED_SIZE;
6

7 __shared__ TYPE A_Shared[A_SHARED_BUFFER];
8 __shared__ TYPE B_Shared[B_SHARED_BUFFER];
9

10 int B_Shared_Offset_0 = 0;
11 int B_Shared_Offset_1 = B_SHARED_SIZE;
12

13 int A_Shared_Offset_0 = 0;
14 int A_Shared_Offset_1 = A_SHARED_SIZE;
15

16 int shared_memory_stage = 1;
17

18 register TYPE Thread_Tile[THREAD_TILE_M * THREAD_TILE_N];
19

20 register TYPE A_register_0[THREAD_TILE_M];
21 register TYPE A_register_1[THREAD_TILE_M];
22

23 register TYPE B_register_0[THREAD_TILE_N];
24 register TYPE B_register_1[THREAD_TILE_N];
25

26 # pragma unroll
27 for (int i = 0; i < THREAD_TILE_M; ++i) {
28 # pragma unroll
29 for (int j = 0; j < THREAD_TILE_N; ++j) {
30

31 Thread_Tile[i * THREAD_TILE_N + j] = 0.0;
32

33 }
34 }

Listing A.7: Shared memory buffers and register fragments setup
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Thread Block Remapping
1 int block_idx_x;
2 int block_idx_y;
3

4 if (SWIZZLE != 1) {
5

6 block_idx_x = blockIdx.x / SWIZZLE;
7 block_idx_y = (blockIdx.y * SWIZZLE) + (blockIdx.x % SWIZZLE);
8

9 constexpr int M_TILES = (M + THREADBLOCK_TILE_M - 1) / THREADBLOCK_TILE_M;
10

11 if (M_TILES % SWIZZLE != 0 && block_idx_y >= TILE_SHAPE_M) {
12 return;
13 }
14

15 } else {
16

17 block_idx_x = blockIdx.x;
18 block_idx_y = blockIdx.y;
19

20 }

Listing A.8: Thread Block Mapping.

Allowed Vector Loads and Boundary Checks
1 constexpr bool A_VECTOR_4 = (LOAD_K % 4 == 0)
2 && (SPLIT_K == 1 || THREADBLOCK_TILE_K % 4 == 0);
3 constexpr bool A_VECTOR_2 = (LOAD_K % 2 == 0)
4 && (SPLIT_K == 1 || THREADBLOCK_TILE_K % 2 == 0);
5

6 constexpr bool B_VECTOR_4 = THREADBLOCK_TILE_N % 4 == 0
7 && ((N % THREADBLOCK_TILE_N) % 4 == 0);
8 constexpr bool B_VECTOR_2 = THREADBLOCK_TILE_N % 2 == 0
9 && ((N % THREADBLOCK_TILE_N) % 2 == 0);

10

11 constexpr bool A_VECTOR_4_LAST = A_VECTOR_4
12 && (THREADBLOCK_TILE_K % LOAD_K) % 4 == 0
13 && (SPLIT_K == 1 || ( K % THREADBLOCK_TILE_K) % 4 == 0);
14 constexpr bool A_VECTOR_2_LAST = A_VECTOR_2
15 && (THREADBLOCK_TILE_K % LOAD_K) % 2 == 0
16 && (SPLIT_K == 1 || ( K % THREADBLOCK_TILE_K) % 2 == 0);
17

18 constexpr bool K_CHECK = (K % THREADBLOCK_TILE_K != 0 && SPLIT_K > 1);
19 constexpr bool THREADBLOCK_TILE_K_CHECK = THREADBLOCK_TILE_K % LOAD_K != 0;

Listing A.9: How to calculated what kind of vector loads are allowed.
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Main Loop
1 constexpr int K_START = (((THREADBLOCK_TILE_K + LOAD_K - 1) / LOAD_K) - 1)
2 * LOAD_K;
3 int cta_k = K_START;
4

5 load_Global<
6 A_VECTOR_4_LAST, A_VECTOR_2_LAST,
7 B_VECTOR_4, B_VECTOR_2,
8 K_CHECK, THREADBLOCK_TILE_K_CHECK
9 >(

10 &A_Shared, &B_Shared,
11 A, B,
12 lda, ldb,
13 cta_k,
14 block_idx_x, block_idx_y,
15 A_Shared_Offset_0, B_Shared_Offset_0);
16

17 __syncthreads();
18 cta_k -= LOAD_K;
19

20 # pragma unroll 1
21 for (; cta_k >= 0; cta_k -= LOAD_K) {
22

23 # pragma unroll
24 for (int K = 0; K < LOAD_K; k++) {
25

26 if (k % 2 == 0) {
27 load_Shared(
28 &A_Shared, &A_register_0,
29 &B_Shared, &B_register_0,
30 k,
31 WarpIdx, WarpIdy,
32 LaneIdx, LaneIdy,
33 A_Shared_Offset_0, B_Shared_Offset_0);
34 } else {
35 load_Shared(
36 &A_Shared, &A_register_1,
37 &B_Shared, &B_register_1,
38 k,
39 WarpIdx, WarpIdy,
40 LaneIdx, LaneIdy,
41 A_Shared_Offset_0, B_Shared_Offset_0);
42 }
43

44 if (k == LOAD_K - 1) {
45 load_Global<
46 A_VECTOR_4, A_VECTOR_2,
47 B_VECTOR_4, B_VECTOR_2,
48 (THREADBLOCK_TILE_K * SPLIT_K - K > LOAD_K), false
49 >(
50 &A_Shared, &B_Shared,
51 A, B,
52 lda, ldb,

61



A.6. cuCOSMA Code Listings

53 cta_k,
54 block_idx_x, block_idx_y,
55 A_Shared_Offset_1, B_Shared_Offset_1);
56

57 __syncthreads();
58 }
59

60 if (k % 2 == 0) {
61 compute_inner(&A_register_0, &B_register_0, &Thread_Tile);
62 } else {
63 compute_inner(&A_register_1, &B_register_1, &Thread_Tile);
64 }
65 }
66

67 if (shared_memory_stage == 1) {
68 B_Shared_Offset_0 = B_SHARED_SIZE;
69 B_Shared_Offset_1 = 0;
70

71 A_Shared_Offset_0 = A_SHARED_SIZE;
72 A_Shared_Offset_1 = 0;
73

74 } else {
75 B_Shared_Offset_0 = 0;
76 B_Shared_Offset_1 = B_SHARED_SIZE;
77

78 A_Shared_Offset_0 = 0;
79 A_Shared_Offset_1 = A_SHARED_SIZE;
80 }
81

82 shared_memory_stage ^= 1;
83 }
84

85 # pragma unroll
86 for (int K = 0; K < LOAD_K; k++) {
87

88 if (k % 2 == 0) {
89 load_Shared(
90 &A_Shared, &A_register_0,
91 &B_Shared, &B_register_0,
92 k,
93 WarpIdx, WarpIdy,
94 LaneIdx, LaneIdy,
95 A_Shared_Offset_0, B_Shared_Offset_0);
96 } else {
97 load_Shared(
98 &A_Shared, &A_register_1,
99 &B_Shared, &B_register_1,

100 k,
101 WarpIdx, WarpIdy,
102 LaneIdx, LaneIdy,
103 A_Shared_Offset_0, B_Shared_Offset_0);
104 }
105

106 if (k % 2 == 0) {
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107 compute_inner(&A_register_0, &B_register_0, &Thread_Tile);
108 } else {
109 compute_inner(&A_register_1, &B_register_1, &Thread_Tile);
110 }
111 }
112

113

114 __shared__ TYPE C_Shared[M_WARPS * N_WARPS * 192];
115

116 load_C(
117 Thread_Tile, C, ldc,
118 WarpIdx, WarpIdy, LaneIdx, LaneIdy,
119 block_idx_x, block_idx_y, &C_Shared);
120

121 store_C(
122 Thread_Tile, C, ldc,
123 WarpIdx, WarpIdy, LaneIdx, LaneIdy,
124 block_idx_x, block_idx_y, &C_Shared);

Listing A.10: Main Loop

Helper Methods

Loading data from global memory to shared memory

load_Global
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Table A.3: load_Global Parameters

A_useVector4 Specifies if we are allowed to use float4 loads for
loading A

A_useVector2 Specifies if we are allowed to use float2 loads for
loading A

B_useVector4 Specifies if we are allowed to use float4 loads for
loading B

B_useVector2 Specifies if we are allowed to use float2 loads for
loading B

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

A_Shared The shared memory to store the tile, column major
B_Shared The shared memory to store the tile, row major.
A Global A, row major
B Global B, row major
lda Leading dimension of A
ldb Leading dimension of B
cta_k Start k-index of current tile
block_idx_x The blockId in the x dimension of the current block,

it has not to be equal to blockIdx.x because we can
manually remap it

block_idx_y The blockId in the y dimension of the current block,
it has not to be equal to blockIdx.y because we can
manually remap it

1 template<
2 bool A_useVector4, bool A_useVector2,
3 bool B_useVector4, bool B_useVector2,
4 bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK
5 >
6 __device__ __inline__ void load_Global(
7 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
8 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
9 const TYPE* __restrict__ A, const TYPE* __restrict__ B,

10 const int lda, const int ldb,
11 const int cta_k,
12 const int block_idx_x, const int block_idx_y,
13 const int A_Shared_Offset, const int B_Shared_Offset) {
14

15 // Load A into shared memory
16 load_A_Global<
17 A_useVector4, A_useVector2,
18 K_CHECK, THREADBLOCK_TILE_K_CHECK
19 >(
20 A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
21

22 // Load B into shared memory
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23 load_B_Global<
24 B_useVector4, B_useVector2,
25 K_CHECK, THREADBLOCK_TILE_K_CHECK
26 >(B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
27 }

Listing A.11: load_Global

load_A_Global

Table A.4: load_A_Global Parameters

useVector4 Specifies if we are allowed to use float4 loads
useVector2 Specifies if we are allowed to use float2 loads
K_CHECK Defines whether or not we need to check if we read

out of bounds (< K)
THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read

out of bounds (< THREADBLOCK_TILE_K)
A_Shared The shared memory to store the tile, column major
A Global A, row major
lda Leading dimension of A
cta_k Start k-index of current tile
block_idx_y The blockId in the y dimension of the current block,

it has not to be equal to blockIdx.y because we can
manually remap it

1 template<
2 bool useVector4, bool useVector2,
3 bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
4 __device__ __inline__ void load_A_Global(
5 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
6 const TYPE* __restrict__ A, const int lda,
7 const int cta_k, const int block_idx_y, const int A_Shared_Offset) {
8

9 if ((THREADBLOCK_TILE_M * (LOAD_K / 4)) % THREADS == 0 && useVector4) {
10

11 load_A_Global_Vector4<
12 K_CHECK, THREADBLOCK_TILE_K_CHECK
13 >(A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
14

15 } else if ((THREADBLOCK_TILE_M * (LOAD_K / 2)) % THREADS == 0
16 && useVector2) {
17

18 load_A_Global_Vector2<
19 K_CHECK, THREADBLOCK_TILE_K_CHECK
20 >(A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
21

22 } else if ((THREADBLOCK_TILE_M * LOAD_K) % THREADS == 0) {
23

24 load_A_Global_Single<
25 K_CHECK, THREADBLOCK_TILE_K_CHECK>(
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26 A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
27

28 } else if (useVector4) {
29

30 load_A_Global_Vector4<
31 K_CHECK, THREADBLOCK_TILE_K_CHECK>(
32 A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
33

34 } else if (useVector2) {
35

36 load_A_Global_Vector2<
37 K_CHECK, THREADBLOCK_TILE_K_CHECK>(
38 A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
39

40 } else {
41

42 load_A_Global_Single<
43 K_CHECK, THREADBLOCK_TILE_K_CHECK>(
44 A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);
45

46 }
47 }

Listing A.12: load_A_Global

load_A_Global_Vector4

Table A.5: load_A_Global_Vector4 Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

A_Shared The shared memory to store the tile, column major
A Global A, row major
lda Leading dimension of A
cta_k Start k-index of current tile
block_idx_y The blockId in the y dimension of the current block,

it has not to be equal to blockIdx.y because we can
manually remap it

1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_A_Global_Vector4(
3 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
4 const TYPE* __restrict__ A, const int lda,
5 const int cta_k, const int block_idx_y, const int A_Shared_Offset) {
6

7 constexpr int VECTORCOUNT = 4;
8 constexpr int LOAD_K_VECTOR = LOAD_K / 4;
9

10 constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K_VECTOR + THREADS - 1)
11 / THREADS;
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12

13 # pragma unroll
14 for (int i = 0; i < TIMES; i++) {
15

16 const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K_VECTOR;
17 const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K_VECTOR;
18

19 const auto global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;
20

21 int global_j;
22 if (SPLIT_K == 1) {
23 global_j = cta_k + shared_j * VECTORCOUNT;
24 } else {
25 global_j = blockIdx.z * THREADBLOCK_TILE_K +
26 cta_k + shared_j * VECTORCOUNT;
27 }
28

29 // If the threads do not evenly divide the whole tile,
30 // we need to make this check.
31 if ((THREADBLOCK_TILE_M * LOAD_K_VECTOR % THREADS == 0 ||
32 (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_M * LOAD_K_VECTOR)) {
33

34 VECTORTYPE4 a;
35

36 // If the tiles are not perfect multiples we need to make this checks.
37 if ((M % THREADBLOCK_TILE_M == 0 || global_i < M)
38 && (!K_CHECK || global_j < K)
39 && (!THREADBLOCK_TILE_K_CHECK ||
40 cta_k + shared_j * VECTORCOUNT < THREADBLOCK_TILE_K)) {
41

42 const TYPE* global_pointer = &A[global_i * lda + global_j];
43 a = reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];
44

45 } else {
46

47 a.x = 0.0;
48 a.y = 0.0;
49 a.z = 0.0;
50 a.w = 0.0;
51 }
52

53 /* We need to store A in this non vectorized way, because global A
54 is in row major format and shared A is column major format.
55 We cannot store shared A in row major format because
56 we would not be able to load from shared memeory to the
57 registers in an efficient way. */
58 (*A_Shared)[A_Shared_Offset + shared_i +
59 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 0)] = a.x;
60 (*A_Shared)[A_Shared_Offset + shared_i +
61 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 1)] = a.y;
62 (*A_Shared)[A_Shared_Offset + shared_i +
63 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 2)] = a.z;
64 (*A_Shared)[A_Shared_Offset + shared_i +
65 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 3)] = a.w;
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66 }
67 }

Listing A.13: load_A_Global_Vector4

load_A_Global_Vector2

Table A.6: load_A_Global_Vector2 Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

A_Shared The shared memory to store the tile, column major
A Global A, row major
lda Leading dimension of A
cta_k Start k-index of current tile
block_idx_y The blockId in the y dimension of the current block,

it has not to be equal to blockIdx.y because we can
manually remap it

1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_A_Global_Vector2(
3 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
4 const TYPE* __restrict__ A, const int lda,
5 const int cta_k, const int block_idx_y, const int A_Shared_Offset) {
6

7 constexpr int VECTORCOUNT = 2;
8 constexpr int LOAD_K_VECTOR = LOAD_K / 2;
9

10 constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K_VECTOR + THREADS - 1) / THREADS;
11

12 # pragma unroll
13 for (int i = 0; i < TIMES; i++) {
14

15 const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K_VECTOR;
16 const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K_VECTOR;
17

18 const auto global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;
19

20 int global_j;
21

22 if (SPLIT_K == 1) {
23 global_j = cta_k + shared_j * VECTORCOUNT;
24 } else {
25 global_j = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_j * VECTORCOUNT;
26 }
27

28 // If the threads do not evenly divide the whole tile, we need to make this check.
29 if ((THREADBLOCK_TILE_M * LOAD_K_VECTOR % THREADS == 0
30 || (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_M * LOAD_K_VECTOR)) {
31
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32 VECTORTYPE2 a;
33

34 // If the tiles are not perfect multiples we need to make this checks.
35 if ((M % THREADBLOCK_TILE_M == 0 || global_i < M) && (!K_CHECK || global_j < K)
36 && (!THREADBLOCK_TILE_K_CHECK
37 || cta_k + shared_j * VECTORCOUNT < THREADBLOCK_TILE_K)) {
38

39 const TYPE* global_pointer = &A[global_i * lda + global_j];
40 a = reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];
41

42 } else {
43

44 a.x = 0;
45 a.y = 0;
46 }
47

48 /* We need to store A in this non vectorized way, because global A
49 is in row major format and shared A is column major format.
50 We cannot store shared A in row major format because
51 we would not be able to load from shared memeory to the
52 registers in an efficient way. */
53

54 (*A_Shared)[A_Shared_Offset + shared_i +
55 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 0)] = a.x;
56 (*A_Shared)[A_Shared_Offset + shared_i +
57 (THREADBLOCK_TILE_M + A_OFFSET) * (shared_j * VECTORCOUNT + 1)] = a.y;
58 }
59 }

Listing A.14: load_A_Global_Vector2

load_A_Global_Single

Table A.7: load_A_Global_Single Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

A_Shared The shared memory to store the tile, column major
A Global A, row major
lda Leading dimension of A
cta_k Start k-index of current tile
block_idx_y The blockId in the y dimension of the current block,

it has not to be equal to blockIdx.y because we can
manually remap it

1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_A_Global_Single(
3 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
4 const TYPE* __restrict__ A, const int lda,
5 const int cta_k, const int block_idx_y, const int A_Shared_Offset) {
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6

7 constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K + THREADS - 1) / THREADS;
8

9 # pragma unroll
10 for (int i = 0; i < TIMES; i++) {
11

12 const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K;
13 const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K;
14

15 const int global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;
16

17 int global_j;
18

19 if (SPLIT_K == 1) {
20 global_j = cta_k + shared_j;
21 } else {
22 global_j = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_j;
23 }
24

25 // If the threads do not evenly divide the whole tile, we need to make this check.
26 if ((THREADBLOCK_TILE_M * LOAD_K % THREADS == 0 ||
27 (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_M * LOAD_K)) {
28 TYPE a;
29 // If the tiles are not perfect multiples we need to make this checks.
30 if ((M % THREADBLOCK_TILE_M == 0 || global_i < M) && (!K_CHECK || global_j < K)
31 && (!THREADBLOCK_TILE_K_CHECK || cta_k + shared_j < THREADBLOCK_TILE_K)) {
32

33 a = A[global_i * lda + global_j];
34

35 } else {
36 a = 0;
37 }
38

39 (*A_Shared)[A_Shared_Offset + shared_i +
40 (THREADBLOCK_TILE_M + A_OFFSET) * shared_j] = a;
41

42 }
43 }

Listing A.15: load_A_Global_Single

load_B_Global
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Table A.8: load_B_Global Parameters

useVector4 Specifies if we are allowed to use float4 loads
useVector2 Specifies if we are allowed to use float2 loads
K_CHECK Defines whether or not we need to check if we read

out of bounds (< K)
THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read

out of bounds (< THREADBLOCK_TILE_K)
B_Shared he shared memory to store the tile, row major
B Global B, row major
ldb Leading dimension of B
cta_k Start k-index of current tile
block_idx_x The blockId in the x dimension of the current block,

it has not to be equal to blockIdx.x because we can
manually remap it

1 template<
2 bool useVector4, bool useVector2,
3 bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
4 __device__ __inline__ void load_B_Global(
5 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
6 const TYPE* __restrict__ B, const int ldb,
7 const int cta_k, const int block_idx_x, const int B_Shared_Offset) {
8

9 if (((THREADBLOCK_TILE_N / 4) * LOAD_K) % THREADS == 0 && useVector4) {
10 load_B_Global_Vector4<
11 K_CHECK, THREADBLOCK_TILE_K_CHECK
12 >(
13 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
14

15 } else if (((THREADBLOCK_TILE_N / 2) * LOAD_K) % THREADS == 0 && useVector2) {
16 load_B_Global_Vector2<
17 K_CHECK, THREADBLOCK_TILE_K_CHECK
18 >(
19 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
20

21 } else if ((THREADBLOCK_TILE_N * LOAD_K) % THREADS == 0) {
22 load_B_Global_Single<
23 K_CHECK, THREADBLOCK_TILE_K_CHECK
24 >(
25 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
26

27 } else if (useVector4) {
28 load_B_Global_Vector4<
29 K_CHECK, THREADBLOCK_TILE_K_CHECK
30 >(
31 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
32

33 } else if (useVector2) {
34 load_B_Global_Vector2<
35 K_CHECK, THREADBLOCK_TILE_K_CHECK
36 >(
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37 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
38

39 } else {
40 load_B_Global_Single<
41 K_CHECK, THREADBLOCK_TILE_K_CHECK
42 >(
43 B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
44 }
45

46 }

Listing A.16: load_B_Global

load_B_Global_Vector4

Table A.9: load_B_Global_Vector4 Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

B_Shared he shared memory to store the tile, row major
B Global B, row major
ldb Leading dimension of B
cta_k Start k-index of current tile
block_idx_x The blockId in the x dimension of the current block,

it has not to be equal to blockIdx.x because we can
manually remap it

1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_B_Global_Vector4(
3 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
4 const TYPE* __restrict__ B, const int ldb,
5 const int cta_k, const int block_idx_x, const int B_Shared_Offset) {
6

7 constexpr int VECTORCOUNT = 4;
8

9 constexpr int THREADBLOCK_TILE_N_VECTOR = THREADBLOCK_TILE_N / VECTORCOUNT;
10

11 constexpr int TIMES = (THREADBLOCK_TILE_N_VECTOR * LOAD_K + THREADS - 1) / THREADS;
12

13 # pragma unroll
14 for (int i = 0; i < TIMES; i++) {
15

16 const int shared_j = (i * THREADS + threadIdx.x) % THREADBLOCK_TILE_N_VECTOR;
17 const int shared_i = (i * THREADS + threadIdx.x) / THREADBLOCK_TILE_N_VECTOR;
18

19 int global_i;
20

21 if (SPLIT_K == 1) {
22 global_i = cta_k + shared_i;
23 } else {
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24 global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
25 }
26

27 const auto global_j = block_idx_x * THREADBLOCK_TILE_N + shared_j * VECTORCOUNT;
28

29 // If the threads do not evenly divide the whole tile, we need to make this check.
30 if ((THREADBLOCK_TILE_N_VECTOR * LOAD_K % THREADS == 0 ||
31 (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_N_VECTOR * LOAD_K)) {
32

33 // If the tiles are not perfect multiples we need to make this checks.
34 if ((!K_CHECK || global_i < K) && (N % THREADBLOCK_TILE_N == 0 || global_j < N)
35 && (!THREADBLOCK_TILE_K_CHECK || cta_k + shared_i < THREADBLOCK_TILE_K)) {
36

37 const TYPE* global_pointer = &B[global_i * ldb + global_j];
38 VECTORTYPE4 a2 = reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];
39

40 reinterpret_cast<VECTORTYPE4*>(B_Shared)[B_Shared_Offset / 4 +
41 shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = a2;
42

43 } else {
44

45 VECTORTYPE4 zero;
46 zero.x = 0;
47 zero.y = 0;
48 zero.z = 0;
49 zero.w = 0;
50

51 reinterpret_cast<VECTORTYPE4*>(B_Shared)[B_Shared_Offset / 4 +
52 shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = zero;
53

54 }
55 }
56 }

Listing A.17: load_B_Global_Vector4

load_B_Global_Vector2

Table A.10: load_B_Global_Vector2 Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

B_Shared he shared memory to store the tile, row major
B Global B, row major
ldb Leading dimension of B
cta_k Start k-index of current tile
block_idx_x The blockId in the x dimension of the current block,

it has not to be equal to blockIdx.x because we can
manually remap it
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1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_B_Global_Vector2(
3 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
4 const TYPE* __restrict__ B, const int ldb,
5 const int cta_k, const int block_idx_x, const int B_Shared_Offset) {
6

7 constexpr int VECTORCOUNT = 2;
8

9 constexpr int THREADBLOCK_TILE_N_VECTOR = THREADBLOCK_TILE_N / VECTORCOUNT;
10

11 constexpr int TIMES = (THREADBLOCK_TILE_N_VECTOR * LOAD_K + THREADS - 1) / THREADS;
12

13 # pragma unroll
14 for (int i = 0; i < TIMES; i++) {
15

16 const int shared_j = (i * THREADS + threadIdx.x) % THREADBLOCK_TILE_N_VECTOR;
17 const int shared_i = (i * THREADS + threadIdx.x) / THREADBLOCK_TILE_N_VECTOR;
18

19 int global_i;
20

21 if (SPLIT_K == 1) {
22 global_i = cta_k + shared_i;
23 } else {
24 global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
25 }
26

27 const auto global_j = block_idx_x * THREADBLOCK_TILE_N + shared_j * VECTORCOUNT;
28

29 // If the threads do not evenly divide the whole tile, we need to make this check.
30 if ((THREADBLOCK_TILE_N_VECTOR * LOAD_K % THREADS == 0 ||
31 (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_N_VECTOR * LOAD_K)) {
32

33 // If the tiles are not perfect multiples we need to make this checks.
34 if ((!K_CHECK || global_i < K) && (N % THREADBLOCK_TILE_N == 0 || global_j < N)
35 && (!THREADBLOCK_TILE_K_CHECK || cta_k + shared_i < THREADBLOCK_TILE_K)) {
36

37 const TYPE* global_pointer = &B[global_i * ldb + global_j];
38 VECTORTYPE2 a2 = reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];
39

40 reinterpret_cast<VECTORTYPE2*>(B_Shared)[B_Shared_Offset / 2 +
41 shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = a2;
42

43 } else {
44

45 VECTORTYPE2 zero;
46 zero.x = 0;
47 zero.y = 0;
48

49 reinterpret_cast<VECTORTYPE2*>(B_Shared)[B_Shared_Offset / 2 +
50 shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = zero;
51

52 }
53 }
54 }
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Listing A.18: load_B_Global_Vector2

load_B_Global_Single

Table A.11: load_B_Global_Single Parameters

K_CHECK Defines whether or not we need to check if we read
out of bounds (< K)

THREADBLOCK_TILE_K_CHECK Defines whether or not we need to check if we read
out of bounds (< THREADBLOCK_TILE_K)

B_Shared he shared memory to store the tile, row major
B Global B, row major
ldb Leading dimension of B
cta_k Start k-index of current tile
block_idx_x The blockId in the x dimension of the current block,

it has not to be equal to blockIdx.x because we can
manually remap it

1 template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
2 __device__ __inline__ void load_B_Global_Single(
3 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
4 const TYPE* __restrict__ B, const int ldb,
5 const int cta_k, const int block_idx_x, const int B_Shared_Offset) {
6 constexpr int TIMES = (THREADBLOCK_TILE_N * LOAD_K + THREADS - 1) / THREADS;
7

8 # pragma unroll
9 for (int i = 0; i < TIMES; i++) {

10

11 const int shared_j = (i * THREADS + threadIdx.x) % THREADBLOCK_TILE_N;
12 const int shared_i = (i * THREADS + threadIdx.x) / THREADBLOCK_TILE_N;
13

14 int global_i;
15

16 if (SPLIT_K == 1) {
17 global_i = cta_k + shared_i;
18 } else {
19 global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
20 }
21

22 const auto global_j = block_idx_x * THREADBLOCK_TILE_N + shared_j;
23

24 // If the threads do not evenly divide the whole tile, we need to make this check.
25 if ((THREADBLOCK_TILE_N * LOAD_K % THREADS == 0 ||
26 (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_N * LOAD_K)) {
27 TYPE a;
28

29 // If the tiles are not perfect multiples we need to make this checks.
30 if ((!K_CHECK || global_i < K) && (N % THREADBLOCK_TILE_N == 0 || global_j < N)
31 && (!THREADBLOCK_TILE_K_CHECK || cta_k + shared_i < THREADBLOCK_TILE_K)) {
32

33 a = B[global_i * ldb + global_j];
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34

35 } else {
36 a = 0;
37 }
38

39 (*B_Shared)[B_Shared_Offset + shared_i * THREADBLOCK_TILE_N + shared_j] = a;
40 }
41 }

Listing A.19: load_B_Global_Single

Loading data from shared memory into the register file

load_Shared

Table A.12: load_Shared Parameters

A_Shared The shared memory to store the tile, column major
A_register Registers to store A
B_Shared The shared memory to store the tile, row major
B_register Registers to store B
k Current k index to load
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
A_Shared_Offset Offset used to access A_Shared due to double buffering
B_Shared_Offset Offset used to access B_Shared due to double buffering

1 __device__ __inline__ void load_Shared(
2 TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
3 TYPE (* __restrict__ A_register)[THREAD_TILE_M],
4 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
5 TYPE (* __restrict__ B_register)[THREAD_TILE_N],
6 const int k, const int WarpIdx, const int WarpIdy,
7 const int LaneIdx, const int LaneIdy,
8 const int A_Shared_Offset, const int B_Shared_Offset) {
9

10 load_A_Shared(A_Shared, A_register, k, WarpIdy, LaneIdy, A_Shared_Offset);
11

12 load_B_Shared(B_Shared, B_register, k, WarpIdx, LaneIdx, B_Shared_Offset);
13 }

Listing A.20: load_Shared

load_A_Shared
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Table A.13: load_A_Shared Parameters

A_Shared The shared memory to store the tile, column major
A_register Registers to store A
k Current k index to load
WarpIdy The WarpId in the y dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
A_Shared_Offset Offset used to access A_Shared due to double buffering

1 __device__ __inline__ void load_A_Shared(
2 const TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
3 TYPE (* __restrict__ A_register)[ THREAD_TILE_M],
4 const int k, const int WarpIdy, const int LaneIdy, const int A_Shared_Offset) {
5

6 constexpr int TIMES = THREAD_TILE_M / 4;
7

8 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
9

10 const int Shared_j = k;
11

12 // We use as many float4 loads as we can
13 # pragma unroll
14 for (int i = 0; i < TIMES; i++) {
15

16 const int Shared_i = WarpIdy * WARP_TILE_M + i * M_THREADS * 4 + LaneIdy * 4;
17

18 const TYPE* shared_mem_pointer = &(*A_Shared)[A_Shared_Offset + Shared_i +
19 (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];
20

21 const VECTORTYPE4 a = reinterpret_cast<const VECTORTYPE4*>(shared_mem_pointer)[0];
22

23 TYPE* register_ptr = &(*A_register)[i * 4];
24

25 reinterpret_cast<VECTORTYPE4*>(register_ptr)[0] = a;
26 }
27

28 // If there is a rest greater equal 2, we can use one more float 2 load
29 if (THREAD_TILE_M % 4 >= 2) {
30

31 const int Shared_i = WarpIdy * WARP_TILE_M + TIMES * M_THREADS * 4 + LaneIdy * 2;
32

33 const TYPE* shared_mem_pointer = &(*A_Shared)[A_Shared_Offset + Shared_i +
34 (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];
35

36 const VECTORTYPE2 a = reinterpret_cast<const VECTORTYPE2*>(shared_mem_pointer)[0];
37

38 TYPE* register_ptr = &(*A_register)[TIMES * 4];
39

40 reinterpret_cast<VECTORTYPE2*>(register_ptr)[0] = a;
41 }
42

43 // And use one single load in the end, if there is still some rest
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44 if (THREAD_TILE_M % 2 > 0) {
45

46 constexpr int ADDITIONAL_OFFSET_SHARED = (THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;
47

48 constexpr int ADDITIONAL_OFFSET_REGISTER = (THREAD_TILE_M % 4 >= 2) ? 2 : 0;
49

50 const int Shared_i = WarpIdy * WARP_TILE_M + TIMES * M_THREADS * 4 +
51 LaneIdy + ADDITIONAL_OFFSET_SHARED;
52

53 (*A_register)[TIMES * 4 + ADDITIONAL_OFFSET_REGISTER] =
54 (*A_Shared)[A_Shared_Offset + Shared_i + (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];
55

56 }
57 }

Listing A.21: load_A_Shared

load_B_Shared

Table A.14: load_B_Shared Parameters

B_Shared The shared memory to store the tile, row major
B_register Registers to store B
k Current k index to load
WarpIdx The WarpId in the x dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
B_Shared_Offset Offset used to access B_Shared due to double buffering

1 __device__ __inline__ void load_B_Shared(
2 TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
3 TYPE (* __restrict__ B_register)[ THREAD_TILE_N],
4 const int k, const int WarpIdx, const int LaneIdx, const int B_Shared_Offset) {
5

6 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
7

8 constexpr int TIMES = THREAD_TILE_N / 4;
9

10 const int Shared_i = k;
11

12 // We use as many float4 loads as we can
13 # pragma unroll
14 for (int i = 0; i < TIMES; i++) {
15

16 const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx * 4 + i * N_THREADS * 4;
17

18 const TYPE* shared_mem_pointer = &(*B_Shared)[B_Shared_Offset +
19 Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];
20

21 const VECTORTYPE4 a = reinterpret_cast<const VECTORTYPE4*>(shared_mem_pointer)[0];
22

23 TYPE* register_ptr = &(*B_register)[i * 4];
24
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25 reinterpret_cast<VECTORTYPE4*>(register_ptr)[0] = a;
26 }
27

28 // If there is a rest greater equal 2, we can use one more float 2 load
29 if (THREAD_TILE_N % 4 >= 2) {
30

31 const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx * 2 + TIMES * N_THREADS * 4;
32

33 const TYPE* shared_mem_pointer = &(*B_Shared)[B_Shared_Offset +
34 Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];
35

36 const VECTORTYPE2 a = reinterpret_cast<const VECTORTYPE2*>(shared_mem_pointer)[0];
37

38 TYPE* register_ptr = &(*B_register)[TIMES * 4];
39

40 reinterpret_cast<VECTORTYPE2*>(register_ptr)[0] = a;
41 }
42

43 // And use one single load in the end, if there is still some rest
44 if (THREAD_TILE_N % 2 > 0) {
45

46 constexpr int ADDITIONAL_OFFSET_SHARED = (THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;
47

48 constexpr int ADDITIONAL_OFFSET_REGISTER = (THREAD_TILE_N % 4 >= 2) ? 2 : 0;
49

50 const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx +
51 TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_SHARED;
52

53 (*B_register)[TIMES * 4 + ADDITIONAL_OFFSET_REGISTER] =
54 (*B_Shared)[B_Shared_Offset + Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];
55 }
56

57 }

Listing A.22: load_B_Shared

Table A.15: compute_inner Parameters

A_register Values needed from A.
B_register Values needed from B.
Thread_Tile The accumulator used to accumulate the result.

compute_inner
1 __device__ __inline__ void compute_inner(
2 const TYPE (* __restrict__ A_register)[ THREAD_TILE_M],
3 const TYPE (* __restrict__ B_register)[ THREAD_TILE_N],
4 TYPE (*Thread_Tile)[THREAD_TILE_M * THREAD_TILE_N]) {
5

6 # pragma unroll
7 for (int i = 0; i < THREAD_TILE_M; ++i) {
8 # pragma unroll
9 for (int j = 0; j < THREAD_TILE_N; ++j) {
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10

11 TYPE a = (*A_register)[i];
12 TYPE b = (*B_register)[j];
13

14 (*Thread_Tile)[i * THREAD_TILE_N + j] += a * b;
15 }
16 }
17 }

Listing A.23: compute_inner

Loading C from global memory

load_C

Table A.16: load_C Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
Shared The shared memory to perform the epilogue shuffle

1 __device__ __inline__ void load_C(
2 TYPE * __restrict__ Thread_Tile, const TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy,
5 const int block_idx_x, const int block_idx_y,
6 TYPE (* __restrict__ Shared)[
7 (THREADBLOCK_TILE_M / WARP_TILE_M) * (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {
8

9 if ((ALPHA != 1.0 && SPLIT_K == 1) ||
10 (ALPHA != 1.0 && SPLIT_K != 1 && ATOMIC_REDUCTION)) {
11

12 # pragma unroll
13 for (int i = 0; i < THREAD_TILE_M * THREAD_TILE_N; i++) {
14 Thread_Tile[i] *= ALPHA;
15 }
16 }
17

18 if (BETA != 0.0 && SPLIT_K == 1) {
19

20 load_C_Vector(
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21 Thread_Tile, C, ldc,
22 WarpIdx, WarpIdy, LaneIdx, LaneIdy,
23 block_idx_x, block_idx_y);
24 }
25

26 }

Listing A.24: load_C

load_C_Single

Table A.17: load_C_Single Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
Shared The shared memory to perform the epilogue shuffle

1 __device__ __inline__ void load_C_Single(
2 TYPE * __restrict__ Thread_Tile, const TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy,
5 const int block_idx_x, const int block_idx_y) {
6

7 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
8

9 const int global_i_upleft = block_idx_y *
10 THREADBLOCK_TILE_M + WarpIdy * WARP_TILE_M;
11

12 constexpr int M_TIMES = THREAD_TILE_M / 4;
13

14 # pragma unroll
15 for (int i = 0; i < M_TIMES; i++) {
16

17 # pragma unroll
18 for (int ii = 0; ii < 4; ii++) {
19

20 const int global_i = global_i_upleft
21 + LaneIdy * 4 + i * M_THREADS * 4 + ii;
22

23

24 const int Threadtile_i = i * 4 + ii;
25
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26 load_C_OneRow_Single(
27 Thread_Tile, C, ldc,
28 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
29 }
30 }
31

32 if (THREAD_TILE_M % 4 >= 2) {
33

34 for (int ii = 0; ii < 2; ii++) {
35

36 const int global_i = global_i_upleft
37 + LaneIdy * 2 + M_TIMES * M_THREADS * 4 + ii;
38

39

40 const int Threadtile_i = M_TIMES * 4 + ii;
41

42 load_C_OneRow_Single(
43 Thread_Tile, C, ldc,
44 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
45 }
46 }
47

48 if (THREAD_TILE_M % 2 > 0) {
49

50 constexpr int ADDITIONAL_OFFSET_GLOBAL =
51 (THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;
52

53 constexpr int ADDITIONAL_OFFSET_REGISTER =
54 (THREAD_TILE_M % 4 >= 2) ? 2 : 0;
55

56 const int global_i = global_i_upleft + LaneIdy +
57 M_TIMES * M_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
58

59 const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
60

61 load_C_OneRow_Single(
62 Thread_Tile, C, ldc,
63 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
64 }
65 }

Listing A.25: load_C_Single

load_C_Vector
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Table A.18: load_C_Vector Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it

1 __device__ __inline__ void load_C_Vector(
2 TYPE * __restrict__ Thread_Tile, const TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy,
5 const int block_idx_x, const int block_idx_y) {
6

7 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
8

9 const int global_i_upleft =
10 block_idx_y * THREADBLOCK_TILE_M + WarpIdy * WARP_TILE_M;
11

12 constexpr int M_TIMES = THREAD_TILE_M / 4;
13

14 # pragma unroll
15 for (int i = 0; i < M_TIMES; i++) {
16

17 # pragma unroll
18 for (int ii = 0; ii < 4; ii++) {
19

20 const int global_i =
21 global_i_upleft + LaneIdy * 4 + i * M_THREADS * 4 + ii;
22

23 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
24

25 const int Threadtile_i = i * 4 + ii;
26

27 load_C_OneRow_Vector(
28 Thread_Tile, C, ldc,
29 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
30 }
31 }
32 }
33

34 if (THREAD_TILE_M % 4 >= 2) {
35

36 for (int ii = 0; ii < 2; ii++) {
37

38 const int global_i =
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39 global_i_upleft + LaneIdy * 2 + M_TIMES * M_THREADS * 4 + ii;
40

41 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
42

43 const int Threadtile_i = M_TIMES * 4 + ii;
44

45 load_C_OneRow_Vector(
46 Thread_Tile, C, ldc,
47 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
48 }
49 }
50 }
51

52 if (THREAD_TILE_M % 2 > 0) {
53

54 constexpr int ADDITIONAL_OFFSET_GLOBAL =
55 (THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;
56

57 constexpr int ADDITIONAL_OFFSET_REGISTER =
58 (THREAD_TILE_M % 4 >= 2) ? 2 : 0;
59

60 const int global_i = global_i_upleft + LaneIdy +
61 M_TIMES * M_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
62

63 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
64

65 const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
66

67 load_C_OneRow_Vector(
68 Thread_Tile, C, ldc,
69 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
70 }
71 }
72 }

Listing A.26: load_C_Vector

load_C_OneRow_Vector

Table A.19: load_C_OneRow_Vector Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
global_i The row to load
Threadtile_i The row in the accumulator where to store the loaded row
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
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1 __device__ __inline__ void load_C_OneRow_Vector(
2 TYPE * __restrict__ Thread_Tile, const TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx,const int LaneIdx,
4 const int global_i, const int Threadtile_i, const int block_idx_x) {
5

6 constexpr int N_TIMES = THREAD_TILE_N / 4;
7 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
8 const int global_j_upleft =
9 block_idx_x * THREADBLOCK_TILE_N + WarpIdx * WARP_TILE_N;

10

11 // We use as many float4 loads as we can
12 # pragma unroll
13 for (int j = 0; j < N_TIMES; j++) {
14

15 const int global_j = global_j_upleft + LaneIdx * 4 + j * N_THREADS * 4;
16

17 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
18

19 const TYPE* global_pointer = &C[global_i * ldc + global_j];
20

21 TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + j * 4];
22

23 VECTORTYPE4 a2 = reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];
24

25 reinterpret_cast<VECTORTYPE4*>(a)[0] += BETA * a2;
26 }
27 }
28

29 // If there is a rest greater equal 2, we can use one more float 2 load
30 if (THREAD_TILE_N % 4 >= 2) {
31

32 const int global_j =
33 global_j_upleft + LaneIdx * 2 + N_TIMES * N_THREADS * 4;
34

35 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
36

37 const TYPE* global_pointer = &C[global_i * ldc + global_j];
38

39 TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + N_TIMES * 4];
40

41 VECTORTYPE2 a2 = reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];
42

43 reinterpret_cast<VECTORTYPE2*>(a)[0] += BETA * a2;
44 }
45 }
46

47 // And use one single load in the end, if there is still some rest
48 if (THREAD_TILE_N % 2 > 0) {
49

50 constexpr int ADDITIONAL_OFFSET_GLOBAL =
51 (THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;
52

53 constexpr int ADDITIONAL_OFFSET_REGISTER =
54 (THREAD_TILE_N % 4 >= 2) ? 2 : 0;
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55

56 const int global_j = global_j_upleft + LaneIdx
57 + N_TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
58

59 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
60

61 Thread_Tile[Threadtile_i * THREAD_TILE_N + N_TIMES * 4
62 + ADDITIONAL_OFFSET_REGISTER] += BETA * C[global_i * ldc + global_j];
63 }
64 }
65 }

Listing A.27: load_C_OneRow_Vector

load_C_OneRow_Single

Table A.20: load_C_OneRow_Single Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
global_i The row to load
Threadtile_i The row in the accumulator where to store the loaded row
block_idx_x The blockId in the y dimension of the current block, it has

not to be equal to blockIdx.y because we can manually
remap it

THREAD_TILE_Y_HEIGHT The height of the current thread tile in the y dimension
Shared The shared memory to perform the epilogue shuffle

1 _device__ __inline__ void load_C_OneRow_Single(
2 TYPE * __restrict__ Thread_Tile, const TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int LaneIdx, const int LaneIdy,
4 const int global_i_upleft, const int Threadtile_i,
5 const int block_idx_x, const int THREAD_TILE_Y_HEIGHT,
6 TYPE (* __restrict__ Shared)[
7 (THREADBLOCK_TILE_M / WARP_TILE_M) * (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {
8

9 constexpr int N_TIMES = THREAD_TILE_N / 4;
10

11 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
12 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
13 constexpr int SHARED_MEM_PER_WARP = 192;
14

15 const int threadId = threadIdx.x % 32;
16

17 const int WarpId = threadIdx.x / 32;
18

19 # pragma unroll
20 for (int j = 0; j < N_TIMES; j++) {
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21

22 constexpr int EPILOGUE_N = N_THREADS * 4; // Size N of the epilogue tile
23

24 const int epilogue_i_write = LaneIdy; // i index in the epilogue tile
25 const int epilogue_j_write = LaneIdx * 4; // j index in the epilogue tile
26

27 // M_THREADS: 1, EPILOGUE_OFFSET: 0
28 // M_THREADS: 2, EPILOGUE_OFFSET: 16
29 // M_THREADS: 4, EPILOGUE_OFFSET: 8
30 // M_THREADS: 8, EPILOGUE_OFFSET: 4
31 // M_THREADS: 16, EPILOGUE_OFFSET:2
32 // M_THREADS: 32, EPILOGUE_OFFSET: 1
33 constexpr int EPILOGUE_OFFSET = (M_THREADS == 1) ? 0 :
34 (M_THREADS == 2) ? 16 :
35 (M_THREADS == 4) ? 8 :
36 (M_THREADS == 8) ? 4 :
37 (M_THREADS == 16) ? 4 : 0;
38

39 # if __CUDA_ARCH__ >= 700
40 __syncwarp();
41 # endif
42

43 if (EPILOGUE_N <= 32) {
44

45 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
46 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
47

48 const int global_i = global_i_upleft +
49 threadIdIdy_epilogue * (4 * THREAD_TILE_Y_HEIGHT);
50 const int global_j = block_idx_x * THREADBLOCK_TILE_N
51 + WarpIdx * WARP_TILE_N + threadIdIdx_epilogue + j * N_THREADS * 4;
52

53 TYPE a0, a1, a2, a3;
54

55 if (SPLIT_K == 1) {
56 if ((M % THREADBLOCK_TILE_M == 0 ||
57 global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
58 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
59 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
60 }
61 if ((M % THREADBLOCK_TILE_M == 0 ||
62 global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
63 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
64 a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
65 }
66 if ((M % THREADBLOCK_TILE_M == 0 ||
67 global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
68 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
69 a2 = C[(global_i + 2 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
70 }
71 if ((M % THREADBLOCK_TILE_M == 0 ||
72 global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
73 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
74 a3 = C[(global_i + 3 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
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75 }
76 }
77

78 (*Shared)[SHARED_MEM_PER_WARP * WarpId
79 + (threadIdIdy_epilogue * 4 + 0) * (EPILOGUE_N + EPILOGUE_OFFSET)
80 + threadIdIdx_epilogue] = a0;
81 (*Shared)[SHARED_MEM_PER_WARP * WarpId
82 + (threadIdIdy_epilogue * 4 + 1) * (EPILOGUE_N + EPILOGUE_OFFSET)
83 + threadIdIdx_epilogue] = a1;
84 (*Shared)[SHARED_MEM_PER_WARP * WarpId
85 + (threadIdIdy_epilogue * 4 + 2) * (EPILOGUE_N + EPILOGUE_OFFSET)
86 + threadIdIdx_epilogue] = a2;
87 (*Shared)[SHARED_MEM_PER_WARP * WarpId
88 + (threadIdIdy_epilogue * 4 + 3) * (EPILOGUE_N + EPILOGUE_OFFSET)
89 + threadIdIdx_epilogue] = a3;
90

91 } else if (EPILOGUE_N == 64) {
92

93 const int threadIdIdx_epilogue_1 = threadId;
94 const int threadIdIdx_epilogue_2 = threadId + 32;
95

96 const int global_i = global_i_upleft;
97

98 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
99 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_1;

100 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
101 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_2;
102

103 TYPE a0, a1, a2, a3;
104

105 if (SPLIT_K == 1) {
106 if ((M % THREADBLOCK_TILE_M == 0 ||
107 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
108 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
109 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1];
110 }
111 if ((M % THREADBLOCK_TILE_M == 0 ||
112 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
113 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
114 a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1];
115 }
116 if ((M % THREADBLOCK_TILE_M == 0 ||
117 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
118 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
119 a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2];
120 }
121 if ((M % THREADBLOCK_TILE_M == 0 ||
122 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
123 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
124 a3 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2];
125 }
126

127 }
128
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129 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
130 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
131 + threadIdIdx_epilogue_1] = a0;
132 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
133 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
134 + threadIdIdx_epilogue_1] = a1;
135 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
136 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
137 + threadIdIdx_epilogue_2] = a2;
138 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
139 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
140 + threadIdIdx_epilogue_2] = a3;
141

142 }
143

144 else if (EPILOGUE_N == 128) {
145

146 const int threadIdIdx_epilogue_1 = threadId;
147 const int threadIdIdx_epilogue_2 = threadId + 32;
148 const int threadIdIdx_epilogue_3 = threadId + 64;
149 const int threadIdIdx_epilogue_4 = threadId + 96;
150

151 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
152 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_1;
153 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
154 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_2;
155 const int global_j_3 = block_idx_x * THREADBLOCK_TILE_N
156 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_3;
157 const int global_j_4 = block_idx_x * THREADBLOCK_TILE_N
158 + WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_4;
159

160 const int global_i = global_i_upleft;
161

162 TYPE a0, a1, a2, a3;
163

164 // Store the values into C
165 if (SPLIT_K == 1) {
166 if ((M % THREADBLOCK_TILE_M == 0 ||
167 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
168 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
169 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1];
170 }
171 if ((M % THREADBLOCK_TILE_M == 0 ||
172 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
173 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
174 a1 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2];
175 }
176 if ((M % THREADBLOCK_TILE_M == 0 ||
177 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
178 && (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
179 a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_3];
180 }
181 if ((M % THREADBLOCK_TILE_M == 0 ||
182 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
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183 && (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
184 a3 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_4];
185 }
186

187 }
188

189 (*Shared)[SHARED_MEM_PER_WARP * WarpId
190 + 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1] = a0;
191 (*Shared)[SHARED_MEM_PER_WARP * WarpId
192 + 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2] = a1;
193 (*Shared)[SHARED_MEM_PER_WARP * WarpId
194 + 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_3] = a2;
195 (*Shared)[SHARED_MEM_PER_WARP * WarpId
196 + 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_4] = a3;
197

198 }
199

200 # if __CUDA_ARCH__ >= 700
201 __syncwarp();
202 # endif
203 const int Threadtile_j = j * 4;
204

205 TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
206

207 TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId +
208 epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write];
209 reinterpret_cast<VECTORTYPE4*>(a_ptr)[0] +=
210 BETA * reinterpret_cast<VECTORTYPE4*>(shared_ptr)[0];
211

212 }
213

214 if (THREAD_TILE_N % 4 >= 2) {
215

216 constexpr int EPILOGUE_N = N_THREADS * 2;
217

218 const int epilogue_i_write = LaneIdy;
219 const int epilogue_j_write = LaneIdx * 2;
220

221 // M_THREADS: 1, EPILOGUE_OFFSET: 0
222 // M_THREADS: 2, EPILOGUE_OFFSET: 16
223 // M_THREADS: 4, EPILOGUE_OFFSET: 8
224 // M_THREADS: 8, EPILOGUE_OFFSET: 4
225 // M_THREADS: 16, EPILOGUE_OFFSET:0
226 // M_THREADS: 32, EPILOGUE_OFFSET: 1
227 constexpr int EPILOGUE_OFFSET = (M_THREADS == 1 || M_THREADS == 16) ? 0 :
228 (M_THREADS == 32) ? 0 : (M_THREADS == 4) ? 8 :
229 (M_THREADS == 2) ? 16 : 4;
230

231 # if __CUDA_ARCH__ >= 700
232 __syncwarp();
233 # endif
234

235 if (EPILOGUE_N <= 32) {
236
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237 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
238 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
239

240 const int global_i = global_i_upleft +
241 threadIdIdy_epilogue * (2 * THREAD_TILE_Y_HEIGHT);
242 const int global_j = block_idx_x * THREADBLOCK_TILE_N
243 + WarpIdx * WARP_TILE_N + threadIdIdx_epilogue + N_TIMES * N_THREADS * 4;
244

245 TYPE a0, a1;
246

247 if (SPLIT_K == 1) {
248 if ((M % THREADBLOCK_TILE_M == 0 ||
249 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
250 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
251 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
252 }
253 if ((M % THREADBLOCK_TILE_M == 0 ||
254 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
255 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
256 a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
257 }
258

259 }
260

261 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
262 (threadIdIdy_epilogue * 2 + 0) * (EPILOGUE_N + EPILOGUE_OFFSET) +
263 threadIdIdx_epilogue] = a0;
264 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
265 (threadIdIdy_epilogue * 2 + 1) * (EPILOGUE_N + EPILOGUE_OFFSET) +
266 threadIdIdx_epilogue] = a1;
267

268 } else if (EPILOGUE_N == 64) {
269

270 const int global_i = global_i_upleft;
271

272 const int threadIdIdx_epilogue_1 = threadId;
273 const int threadIdIdx_epilogue_2 = threadId + 32;
274

275 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N +
276 WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4 + threadIdIdx_epilogue_1;
277 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N +
278 WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4 + threadIdIdx_epilogue_2;
279

280 TYPE a0, a2;
281

282 if (SPLIT_K == 1) {
283 if ((M % THREADBLOCK_TILE_M == 0 ||
284 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
285 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
286 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1];
287 }
288 if ((M % THREADBLOCK_TILE_M == 0 ||
289 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
290 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
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291 a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2];
292 }
293 }
294

295 // Load the values
296 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
297 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1] = a0;
298 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
299 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2] = a2;
300

301 // Store the values into C
302

303 }
304 # if __CUDA_ARCH__ >= 700
305 __syncwarp();
306 # endif
307

308 const int Threadtile_j = N_TIMES * 4;
309

310 TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
311

312 TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId
313 + epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write];
314 reinterpret_cast<VECTORTYPE2*>(a_ptr)[0] +=
315 BETA * reinterpret_cast<VECTORTYPE2*>(shared_ptr)[0];
316

317 }
318

319 if (THREAD_TILE_N % 2 > 0) {
320

321 constexpr int EPILOGUE_N = N_THREADS;
322

323 const int epilogue_i_write = LaneIdy;
324 const int epilogue_j_write = LaneIdx;
325

326 // M_THREADS: 1, EPILOGUE_OFFSET: 0
327 // M_THREADS: 2, EPILOGUE_OFFSET: 0
328 // M_THREADS: 4, EPILOGUE_OFFSET: 16
329 // M_THREADS: 8, EPILOGUE_OFFSET: 0
330 // M_THREADS: 16, EPILOGUE_OFFSET:0
331 // M_THREADS: 32, EPILOGUE_OFFSET: 0
332 constexpr int EPILOGUE_OFFSET = (M_THREADS == 4) ? 16 : 0;
333

334 # if __CUDA_ARCH__ >= 700
335 __syncwarp();
336 # endif
337

338 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
339 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
340

341 constexpr int ADDITIONAL_OFFSET_GLOBAL =
342 (THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;
343

344 const int global_i = global_i_upleft +
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345 threadIdIdy_epilogue * (1 * THREAD_TILE_Y_HEIGHT);
346 const int global_j = block_idx_x * THREADBLOCK_TILE_N +
347 WarpIdx * WARP_TILE_N + threadIdIdx_epilogue + N_TIMES * N_THREADS * 4
348 + ADDITIONAL_OFFSET_GLOBAL;
349

350 TYPE a0;
351

352 if (SPLIT_K == 1) {
353 if ((M % THREADBLOCK_TILE_M == 0 ||
354 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
355 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
356 a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
357 }
358 }
359

360 (*Shared)[SHARED_MEM_PER_WARP * WarpId +
361 (threadIdIdy_epilogue * 1 + 0) * (EPILOGUE_N + EPILOGUE_OFFSET)
362 + threadIdIdx_epilogue] = a0;
363

364 # if __CUDA_ARCH__ >= 700
365 __syncwarp();
366 # endif
367

368 constexpr int ADDITIONAL_OFFSET_REGISTER =
369 (THREAD_TILE_N % 4 >= 2) ? 2 : 0;
370

371 const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
372

373 Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j] += BETA
374 * (*Shared)[SHARED_MEM_PER_WARP * WarpId +
375 epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write];
376

377 }
378

379 }

Listing A.28: load_C_OneRow_Single

Storing C to global memory

store_C
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Table A.21: store_C Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
Shared The shared memory to perform the epilogue shuffle

1 __device__ __inline__ void store_C(
2 const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy, const int block_idx_x, const int block_idx_y) {
5

6 if (SPLIT_K == 1) {
7

8 store_C_Vector(
9 Thread_Tile, C, ldc,

10 WarpIdx, WarpIdy, LaneIdx, LaneIdy, block_idx_x, block_idx_y);
11

12 } else {
13

14 store_C_Single(
15 Thread_Tile, C, ldc,
16 WarpIdx, WarpIdy, LaneIdx, LaneIdy, block_idx_x, block_idx_y,Shared);
17 }
18 }

Listing A.29: store_C

store_C_Single
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Table A.22: store_C_Single Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
Shared The shared memory to perform the epilogue shuffle

1 __device__ __inline__ void store_C_Single(
2 const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy,
5 const int block_idx_x, const int block_idx_y) {
6

7 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
8

9 const int global_i_upleft =
10 block_idx_y * THREADBLOCK_TILE_M + WarpIdy * WARP_TILE_M;
11

12 constexpr int M_TIMES = THREAD_TILE_M / 4;
13

14 # pragma unroll
15 for (int i = 0; i < M_TIMES; i++) {
16

17 # pragma unroll
18 for (int ii = 0; ii < 4; ii++) {
19

20 const int global_i = global_i_upleft + LaneIdy * 4 + i * M_THREADS * 4 + ii;
21

22 const int Threadtile_i = i * 4 + ii;
23

24 store_C_OneRow_Single(
25 Thread_Tile, C, ldc,
26 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
27 }
28 }
29

30 if (THREAD_TILE_M % 4 >= 2) {
31

32 for (int ii = 0; ii < 2; ii++) {
33

34 const int global_i =
35 global_i_upleft + LaneIdy * 2 + M_TIMES * M_THREADS * 4 + ii;
36
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37

38 const int Threadtile_i = M_TIMES * 4 + ii;
39

40 store_C_OneRow_Single(
41 Thread_Tile, C, ldc,
42 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
43 }
44 }
45

46 if (THREAD_TILE_M % 2 > 0) {
47

48 constexpr int ADDITIONAL_OFFSET_GLOBAL =
49 (THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;
50

51 constexpr int ADDITIONAL_OFFSET_REGISTER =
52 (THREAD_TILE_M % 4 >= 2) ? 2 : 0;
53

54 const int global_i =
55 global_i_upleft + LaneIdy + M_TIMES * M_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
56

57

58 const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
59

60 store_C_OneRow_Single(
61 Thread_Tile, C, ldc,
62 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
63 }
64 }

Listing A.30: store_C_Single

store_C_Vector

Table A.23: store_C_Vector Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
WarpIdy The WarpId in the y dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
LaneIdy The LaneId in the y dimension of the current thread
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it
block_idx_y The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it

1 __device__ __inline__ void store_C_Vector(
2 const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C,
3 const int ldc, const int WarpIdx, const int WarpIdy,
4 const int LaneIdx, const int LaneIdy, const int block_idx_x, const int block_idx_y) {

96



A.6. cuCOSMA Code Listings

5

6 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
7

8 const int global_i_upleft = block_idx_y * THREADBLOCK_TILE_M + WarpIdy * WARP_TILE_M;
9

10 constexpr int M_times = THREAD_TILE_M / 4;
11

12 # pragma unroll
13 for (int i = 0; i < M_times; i++) {
14

15 # pragma unroll
16 for (int ii = 0; ii < 4; ii++) {
17

18 const int global_i = global_i_upleft + LaneIdy * 4 + i * M_THREADS * 4 + ii;
19

20 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
21

22 const int Threadtile_i = i * 4 + ii;
23

24 store_C_OneRow_Vector(
25 Thread_Tile, C, ldc,
26 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
27 }
28 }
29 }
30

31 if (THREAD_TILE_M % 4 >= 2) {
32

33 for (int ii = 0; ii < 2; ii++) {
34

35 const int global_i = global_i_upleft + LaneIdy * 2 + M_times * M_THREADS * 4 + ii;
36

37 const int Threadtile_i = M_times * 4 + ii;
38

39 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
40

41 store_C_OneRow_Vector(
42 Thread_Tile, C, ldc,
43 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
44 }
45 }
46 }
47

48 if (THREAD_TILE_M % 2 > 0) {
49

50 constexpr int ADDITIONAL_OFFSET_GLOBAL = (THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;
51

52 constexpr int ADDITIONAL_OFFSET_REGISTER = (THREAD_TILE_M % 4 >= 2) ? 2 : 0;
53

54 const int global_i =
55 global_i_upleft + LaneIdy + M_times * M_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
56

57 const int Threadtile_i = M_times * 4 + ADDITIONAL_OFFSET_REGISTER;
58
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59 if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {
60

61 store_C_OneRow_Vector(
62 Thread_Tile, C, ldc,
63 WarpIdx, LaneIdx, global_i, Threadtile_i, block_idx_x);
64 }
65 }
66 }

Listing A.31: store_C_Vector

store_C_OneRow_Vector

Table A.24: store_C_OneRow_Vector Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
global_i The row to load
Threadtile_i The row in the accumulator where to store the loaded row
block_idx_x The blockId in the y dimension of the current block, it has not to be equal

to blockIdx.y because we can manually remap it

1 __device__ __inline__ void store_C_OneRow_Vector(
2 const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int LaneIdx,
4 const int global_i, const int Threadtile_i, const int block_idx_x) {
5

6 constexpr int N_TIMES = THREAD_TILE_N / 4;
7 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
8 const int global_j_upleft =
9 block_idx_x * THREADBLOCK_TILE_N + WarpIdx * WARP_TILE_N;

10

11 # pragma unroll
12 for (int j = 0; j < N_TIMES; j++) {
13

14 const int global_j = global_j_upleft + LaneIdx * 4 + j * N_THREADS * 4;
15

16 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
17

18 TYPE* global_pointer = &C[global_i * ldc + global_j];
19

20 const int Threadtile_j = j * 4;
21

22 const TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
23

24 const VECTORTYPE4 a2 = reinterpret_cast<const VECTORTYPE4*>(a)[0];
25

26 reinterpret_cast<VECTORTYPE4*>(global_pointer)[0] = a2;
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27 }
28 }
29

30 if (THREAD_TILE_N % 4 >= 2) {
31

32 const int global_j = global_j_upleft + LaneIdx * 2 + N_TIMES * N_THREADS * 4;
33

34 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
35

36 TYPE* global_pointer = &C[global_i * ldc + global_j];
37

38 const int Threadtile_j = N_TIMES * 4;
39

40 const TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
41

42 const VECTORTYPE2 a2 = reinterpret_cast<const VECTORTYPE2*>(a)[0];
43

44 reinterpret_cast<VECTORTYPE2*>(global_pointer)[0] = a2;
45 }
46 }
47

48 if (THREAD_TILE_N % 2 > 0) {
49

50 constexpr int ADDITIONAL_OFFSET_GLOBAL =
51 (THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;
52

53 constexpr int ADDITIONAL_OFFSET_REGISTER =
54 (THREAD_TILE_N % 4 >= 2) ? 2 : 0;
55

56 const int global_j =
57 global_j_upleft + LaneIdx + N_TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;
58

59 const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
60

61 if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {
62

63 C[global_i * ldc + global_j] =
64 Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
65 }
66 }
67 }

Listing A.32: store_C_OneRow_Vector

store_C_OneRow_Single
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Table A.25: store_C_OneRow_Single Parameters

Thread_Tile The accumulator used to accumulate the result.
C Global C, row major
ldc Leading dimension of C
WarpIdx The WarpId in the x dimension of the current thread
LaneIdx The LaneId in the x dimension of the current thread
global_i The row to load
Threadtile_i The row in the accumulator where to store the loaded row
block_idx_x The blockId in the y dimension of the current block, it has

not to be equal to blockIdx.y because we can manually
remap it

THREAD_TILE_Y_HEIGHT The height of the current thread tile in the y dimension
Shared The shared memory to perform the epilogue shuffle

1 __device__ __inline__ void store_C_OneRow_Single(
2 const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C, const int ldc,
3 const int WarpIdx, const int LaneIdx, const int LaneIdy,
4 const int global_i_upleft, const int Threadtile_i,
5 const int block_idx_x,
6 TYPE (* __restrict__ Shared)[
7 (THREADBLOCK_TILE_M / WARP_TILE_M) * (THREADBLOCK_TILE_N / WARP_TILE_N) * 192],
8 const int THREAD_TILE_Y_HEIGHT) {
9

10 constexpr int N_TIMES = THREAD_TILE_N / 4;
11

12 constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
13 constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
14

15 const int split_K_OFFSET = (SPLIT_K != 1) ? (blockIdx.z * M * N) : 0;
16

17 constexpr int SHARED_MEM_PER_WARP = 192;
18

19 const int threadId = threadIdx.x % 32;
20

21 const int WarpId = threadIdx.x / 32;
22

23 {
24

25 constexpr int EPILOGUE_N = N_THREADS * 4;
26

27 const int epilogue_i_write = LaneIdy;
28 const int epilogue_j_write = LaneIdx * 4;
29

30 // M_THREADS: 1, EPILOGUE_OFFSET: 0
31 // M_THREADS: 2, EPILOGUE_OFFSET: 16
32 // M_THREADS: 4, EPILOGUE_OFFSET: 8
33 // M_THREADS: 8, EPILOGUE_OFFSET: 4
34 // M_THREADS: 16, EPILOGUE_OFFSET:2
35 // M_THREADS: 32, EPILOGUE_OFFSET: 1
36 constexpr int EPILOGUE_OFFSET = (M_THREADS == 1) ? 0 :
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37 (M_THREADS == 2) ? 16 :
38 (M_THREADS == 4) ? 8 :
39 (M_THREADS == 8) ? 4 :
40 (M_THREADS == 16) ? 2 : 1;
41

42 # pragma unroll
43 for (int j = 0; j < N_TIMES; j++) {
44

45 const int Threadtile_j = j * 4;
46

47 const TYPE* a_ptr =
48 &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
49 VECTORTYPE4 a_val =
50 reinterpret_cast<const VECTORTYPE4*>(a_ptr)[0];
51

52 TYPE* shared_ptr =
53 &(*Shared)[SHARED_MEM_PER_WARP * WarpId +
54 epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write];
55 reinterpret_cast<VECTORTYPE4*>(shared_ptr)[0] = a_val;
56

57 # if __CUDA_ARCH__ >= 700
58 __syncwarp();
59 # endif
60

61 if (EPILOGUE_N <= 32) {
62

63 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
64 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
65

66 // Load the values
67 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
68 + (threadIdIdy_epilogue * 4 + 0) * (EPILOGUE_N + EPILOGUE_OFFSET)
69 + threadIdIdx_epilogue];
70 const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
71 + (threadIdIdy_epilogue * 4 + 1) * (EPILOGUE_N + EPILOGUE_OFFSET)
72 + threadIdIdx_epilogue];
73 const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
74 + (threadIdIdy_epilogue * 4 + 2) * (EPILOGUE_N + EPILOGUE_OFFSET)
75 + threadIdIdx_epilogue];
76 const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
77 + (threadIdIdy_epilogue * 4 + 3) * (EPILOGUE_N + EPILOGUE_OFFSET)
78 + threadIdIdx_epilogue];
79

80 const int global_i = global_i_upleft +
81 threadIdIdy_epilogue * (4 * THREAD_TILE_Y_HEIGHT);
82 const int global_j = block_idx_x * THREADBLOCK_TILE_N +
83 WarpIdx * WARP_TILE_N + threadIdIdx_epilogue + j * N_THREADS * 4;
84

85 // Store the values into C
86

87 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
88 if ((M % THREADBLOCK_TILE_M == 0 ||
89 global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
90 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
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91 C[split_K_OFFSET +
92 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a0;
93 }
94 if ((M % THREADBLOCK_TILE_M == 0 ||
95 global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
96 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
97 C[split_K_OFFSET +
98 (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a1;
99 }

100 if ((M % THREADBLOCK_TILE_M == 0 ||
101 global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
102 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
103 C[split_K_OFFSET +
104 (global_i + 2 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a2;
105 }
106 if ((M % THREADBLOCK_TILE_M == 0 ||
107 global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
108 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
109 C[split_K_OFFSET +
110 (global_i + 3 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a3;
111 }
112 } else {
113 if ((M % THREADBLOCK_TILE_M == 0 ||
114 global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
115 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
116 atomicAdd(&C[(global_i +
117 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a0);
118 }
119 if ((M % THREADBLOCK_TILE_M == 0 ||
120 global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
121 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
122 atomicAdd(&C[(global_i +
123 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a1);
124 }
125 if ((M % THREADBLOCK_TILE_M == 0 ||
126 global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
127 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
128 atomicAdd(&C[(global_i +
129 2 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a2);
130 }
131 if ((M % THREADBLOCK_TILE_M == 0 ||
132 global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
133 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
134 atomicAdd(&C[(global_i +
135 3 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a3);
136 }
137 }
138

139 } else if (EPILOGUE_N == 64) {
140

141 const int threadIdIdx_epilogue_1 = threadId;
142 const int threadIdIdx_epilogue_2 = threadId + 32;
143

144 // Load the values
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145 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
146 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1];
147 const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
148 1 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1];
149 const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
150 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2];
151 const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
152 1 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2];
153

154 const int global_i = global_i_upleft;
155

156 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N + WarpIdx *
157 WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_1;
158 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N + WarpIdx *
159 WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_2;
160

161 // Store the values into C
162 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
163 if ((M % THREADBLOCK_TILE_M == 0 ||
164 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
165 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
166 C[split_K_OFFSET + (global_i + 0 * THREAD_TILE_Y_HEIGHT)
167 * ldc + global_j_1] = a0;
168 }
169 if ((M % THREADBLOCK_TILE_M == 0 ||
170 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
171 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
172 C[split_K_OFFSET + (global_i + 1 * THREAD_TILE_Y_HEIGHT)
173 * ldc + global_j_1] = a1;
174 }
175 if ((M % THREADBLOCK_TILE_M == 0 ||
176 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
177 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
178 C[split_K_OFFSET + (global_i + 0 * THREAD_TILE_Y_HEIGHT)
179 * ldc + global_j_2] = a2;
180 }
181 if ((M % THREADBLOCK_TILE_M == 0 ||
182 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
183 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
184 C[split_K_OFFSET + (global_i + 1 * THREAD_TILE_Y_HEIGHT)
185 * ldc + global_j_2] = a3;
186 }
187

188 } else {
189 if ((M % THREADBLOCK_TILE_M == 0 ||
190 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
191 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
192 atomicAdd(&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT)
193 * ldc + global_j_1], a0);
194 }
195 if ((M % THREADBLOCK_TILE_M == 0 ||
196 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
197 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
198 atomicAdd(&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT)
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199 * ldc + global_j_1], a1);
200 }
201 if ((M % THREADBLOCK_TILE_M == 0 ||
202 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
203 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
204 atomicAdd(&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT)
205 * ldc + global_j_2], a2);
206 }
207 if ((M % THREADBLOCK_TILE_M == 0 ||
208 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
209 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
210 atomicAdd(&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT)
211 * ldc + global_j_2], a3);
212 }
213 }
214

215 } else if (EPILOGUE_N == 128) {
216

217 const int threadIdIdx_epilogue_1 = threadId;
218 const int threadIdIdx_epilogue_2 = threadId + 32;
219 const int threadIdIdx_epilogue_3 = threadId + 64;
220 const int threadIdIdx_epilogue_4 = threadId + 96;
221

222 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
223 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1];
224 const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
225 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2];
226 const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
227 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_3];
228 const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
229 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_4];
230

231 const int global_i = global_i_upleft;
232

233 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N +
234 WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_1;
235 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N +
236 WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_2;
237 const int global_j_3 = block_idx_x * THREADBLOCK_TILE_N +
238 WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_3;
239 const int global_j_4 = block_idx_x * THREADBLOCK_TILE_N +
240 WarpIdx * WARP_TILE_N + j * N_THREADS * 4 + threadIdIdx_epilogue_4;
241

242 // Store the values into C
243 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
244 if ((M % THREADBLOCK_TILE_M == 0 ||
245 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
246 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
247 C[split_K_OFFSET +
248 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1] = a0;
249 }
250 if ((M % THREADBLOCK_TILE_M == 0 ||
251 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
252 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
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253 C[split_K_OFFSET +
254 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2] = a1;
255 }
256 if ((M % THREADBLOCK_TILE_M == 0 ||
257 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
258 && (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
259 C[split_K_OFFSET +
260 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_3] = a2;
261 }
262 if ((M % THREADBLOCK_TILE_M == 0 ||
263 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
264 && (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
265 C[split_K_OFFSET +
266 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_4] = a3;
267 }
268

269 } else {
270 if ((M % THREADBLOCK_TILE_M == 0 ||
271 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
272 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
273 atomicAdd(&C[(global_i +
274 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1], a0);
275 }
276 if ((M % THREADBLOCK_TILE_M == 0 ||
277 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
278 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
279 atomicAdd(&C[(global_i +
280 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2], a1);
281 }
282 if ((M % THREADBLOCK_TILE_M == 0 ||
283 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
284 && (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
285 atomicAdd(&C[(global_i +
286 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_3], a2);
287 }
288 if ((M % THREADBLOCK_TILE_M == 0 ||
289 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
290 && (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
291 atomicAdd(&C[(global_i +
292 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_4], a3);
293 }
294 }
295

296 }
297

298 # if __CUDA_ARCH__ >= 700
299 __syncwarp();
300 # endif
301

302 }
303 }
304 {
305

306 constexpr int EPILOGUE_N = N_THREADS * 2;
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307

308 const int epilogue_i_write = LaneIdy;
309 const int epilogue_j_write = LaneIdx * 2;
310

311 // M_THREADS: 1, EPILOGUE_OFFSET: 0
312 // M_THREADS: 2, EPILOGUE_OFFSET: 1
313 // M_THREADS: 4, EPILOGUE_OFFSET: 8
314 // M_THREADS: 8, EPILOGUE_OFFSET: 4
315 // M_THREADS: 16, EPILOGUE_OFFSET:0
316 // M_THREADS: 32, EPILOGUE_OFFSET: 1
317 constexpr int EPILOGUE_OFFSET = (M_THREADS == 1 || M_THREADS == 16) ? 0 :
318 (M_THREADS == 2 || M_THREADS == 32) ? 1 :
319 (M_THREADS == 4) ? 8 : 4;
320 // constexpr int EPILOGUE_OFFSET = 5;
321

322 if (THREAD_TILE_N % 4 >= 2) {
323

324 const int Threadtile_j = N_TIMES * 4;
325

326 const TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
327 VECTORTYPE2 a_val = reinterpret_cast<const VECTORTYPE2*>(a_ptr)[0];
328

329 TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId +
330 epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write];
331 reinterpret_cast<VECTORTYPE2*>(shared_ptr)[0] = a_val;
332

333 # if __CUDA_ARCH__ >= 700
334 __syncwarp();
335 # endif
336

337 if (EPILOGUE_N <= 32) {
338

339 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
340 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
341

342 // Load the values
343 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
344 (threadIdIdy_epilogue * 2 + 0) *
345 (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue];
346 const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
347 (threadIdIdy_epilogue * 2 + 1) *
348 (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue];
349

350 const int global_i = global_i_upleft +
351 threadIdIdy_epilogue * (2 * THREAD_TILE_Y_HEIGHT);
352 const int global_j = block_idx_x * THREADBLOCK_TILE_N +
353 WarpIdx * WARP_TILE_N + threadIdIdx_epilogue + N_TIMES * N_THREADS * 4;
354

355 // Store the values into C
356

357 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
358 if ((M % THREADBLOCK_TILE_M == 0 ||
359 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
360 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {

106



A.6. cuCOSMA Code Listings

361 C[split_K_OFFSET +
362 (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a0;
363 }
364 if ((M % THREADBLOCK_TILE_M == 0 ||
365 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
366 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
367 C[split_K_OFFSET +
368 (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a1;
369 }
370

371 } else {
372 if ((M % THREADBLOCK_TILE_M == 0 ||
373 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
374 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
375 atomicAdd(&C[(global_i +
376 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a0);
377 }
378 if ((M % THREADBLOCK_TILE_M == 0 ||
379 (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
380 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
381 atomicAdd(&C[(global_i +
382 1 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a1);
383 }
384

385 }
386

387 } else if (EPILOGUE_N == 64) {
388

389 const int threadIdIdx_epilogue_1 = threadId;
390 const int threadIdIdx_epilogue_2 = threadId + 32;
391

392 // Load the values
393 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
394 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_1];
395 const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
396 0 * (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue_2];
397

398 const int global_i = global_i_upleft;
399

400 const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N +
401 WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 44 + threadIdIdx_epilogue_1;
402 const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N +
403 WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4 + threadIdIdx_epilogue_2;
404

405 // Store the values into C
406 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
407 if ((M % THREADBLOCK_TILE_M == 0 ||
408 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
409 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
410 C[split_K_OFFSET + (global_i
411 + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1] = a0;
412 }
413 if ((M % THREADBLOCK_TILE_M == 0 ||
414 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
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415 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
416 C[split_K_OFFSET + (global_i
417 + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2] = a2;
418 }
419 } else {
420 if ((M % THREADBLOCK_TILE_M == 0 ||
421 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
422 && (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
423 atomicAdd(&C[(global_i +
424 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_1], a0);
425 }
426 if ((M % THREADBLOCK_TILE_M == 0 ||
427 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
428 && (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
429 atomicAdd(&C[(global_i +
430 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j_2], a2);
431 }
432 }
433

434 }
435

436 }
437 # if __CUDA_ARCH__ >= 700
438 __syncwarp();
439 # endif
440 }
441 //
442 if (THREAD_TILE_N % 2 > 0) {
443

444 constexpr int EPILOGUE_N = N_THREADS;
445

446 const int epilogue_i_write = LaneIdy;
447 const int epilogue_j_write = LaneIdx;
448

449 // M_THREADS: 1, EPILOGUE_OFFSET: 0
450 // M_THREADS: 2, EPILOGUE_OFFSET: 0
451 // M_THREADS: 4, EPILOGUE_OFFSET: 22
452 // M_THREADS: 8, EPILOGUE_OFFSET: 0
453 // M_THREADS: 16, EPILOGUE_OFFSET:0
454 // M_THREADS: 32, EPILOGUE_OFFSET: 0
455 constexpr int EPILOGUE_OFFSET = (M_THREADS == 4) ? 22 : 0;
456

457 constexpr int ADDITIONAL_OFFSET_REGISTER = (THREAD_TILE_N % 4 >= 2) ? 2 : 0;
458

459 const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;
460

461 const TYPE a_val = Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];
462

463 (*Shared)[SHARED_MEM_PER_WARP * WarpId + epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET) + epilogue_j_write] = a_val;
464

465 # if __CUDA_ARCH__ >= 700
466 __syncwarp();
467 # endif
468
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469 const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
470 const int threadIdIdy_epilogue = threadId / EPILOGUE_N;
471

472 const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId +
473 (threadIdIdy_epilogue * 1 + 0) *
474 (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue];
475

476 constexpr int ADDITIONAL_OFFSET_GLOBAL =
477 (THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;
478

479 const int global_i = global_i_upleft +
480 threadIdIdy_epilogue * (1 * THREAD_TILE_Y_HEIGHT);
481 const int global_j = block_idx_x * THREADBLOCK_TILE_N +
482 WarpIdx * WARP_TILE_N + threadIdIdx_epilogue +
483 N_TIMES * N_THREADS * 4
484 + ADDITIONAL_OFFSET_GLOBAL;
485

486 if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
487 if ((M % THREADBLOCK_TILE_M == 0 ||
488 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
489 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
490 C[split_K_OFFSET + (global_i
491 + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j] = a0;
492 }
493 } else {
494 if ((M % THREADBLOCK_TILE_M == 0 ||
495 (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
496 && (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
497 atomicAdd(&C[(global_i +
498 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j], a0);
499 }
500 }
501 # if __CUDA_ARCH__ >= 700
502 __syncwarp();
503 # endif
504

505 }
506 }

Listing A.33: store_C_OneRow_Single

A.6.3 SplitKReduction

Table A.26: cosmaSplitKReduce Parameters

C The orignial C matrix
ldc leading dimension of a two-dimensional array used to store the matrix C.
C_SPLIT_K The intermediate storage to perform the split K reduction

1 void cosmaSplitKReduce(TYPE * __restrict__ C, const int ldc,
2 TYPE * __restrict__ C_SPLIT_K) {
3
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4 int threads = std::min(256, M * N);
5 int blocks = (M * N + threads - 1) / threads;
6

7 cosmaSplitKReduce_Kernel<<<blocks, threads>>>(C, ldc,C_SPLIT_K);
8

9 }

Listing A.34: cosmaSplitKReduce

Table A.27: cosmaSplitKReduce Kernel Parameters

C The orignial C matrix
ldc leading dimension of a two-dimensional array used to store the matrix C.
C_SPLIT_K The intermediate storage to perform the split K reduction

1 __global__ void cosmaSplitKReduce_Kernel(TYPE * __restrict__ C,
2 const int ldc, TYPE * __restrict__ C_SPLIT_K) {
3

4 const int id = blockIdx.x * blockDim.x + threadIdx.x;
5

6 if (id >= M * N) {
7 return;
8 }
9

10 TYPE val = 0;
11

12 # pragma unroll
13 for (int z = 0; z < SPLIT_K; z++) {
14 val += C_SPLIT_K[z * M * N + id];
15 }
16

17 const int x = id % N;
18 const int y = id / N;
19

20 TYPE c_val = C[y * ldc + x];
21

22 C[y * ldc + x] = BETA * c_val + ALPHA * val;
23

24 }

Listing A.35: cosmaSplitKReduce Kernel

A.6.4 Sigmoid Kernel

There is a trade-off to be made. In order to perform the matrix multiplication
as fast as possible, it is worth to pad each row accordingly for coalesced
loading and storing. This, however, can make the kernel that performs the
element-wise function, less efficient. The kernel presented is for the case
that the rows do not have to be padded. We performed some measurement
and and verified that this kernel works best launched with 256 threads per
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thread block and 400 thread blocks (<<<256,400>>>) on a V100 for large
matrices.

Table A.28: sigmoid_kernel Parameters

array The original C matrix

1 __global__ void sigmoid_kernel(float * __restrict__ array) {
2 const int stride = gridDim.x * blockDim.x;
3 int tid = blockDim.x * blockIdx.x + threadIdx.x;
4 # pragma unroll
5 for (int i = tid; i < M * N / 4; i += stride) {
6 float4 a = reinterpret_cast<float4*>(array)[i];
7

8 a.x = 1.0f / (1.0f + expf(-a.x));
9 a.y = 1.0f / (1.0f + expf(-a.y));

10 a.z = 1.0f / (1.0f + expf(-a.z));
11 a.w = 1.0f / (1.0f + expf(-a.w));
12

13 reinterpret_cast<float4*>(array)[i] = a;
14 }
15 }

Listing A.36: Sigmoid Activation
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/*
 * cuCOSMAv1.cuh
 *
 *  Created on: Mar 15, 2020
 *      Author: neville
 */

#include "config.h"
#include <cuda_runtime.h>
#include "Util/helper_math.h"
#include "cosmaSplitKReduce.cuh"

// Best on V100 with nvcc 11.0

// The only difference to cuCOSMAP100.cuh is how the shared memory is managed. This version uses static shared memory and works with offsets make the double buffering work.

// Defines how many threads are launched, used multiple times in the code
#define THREADS ((THREADBLOCK_TILE_M / WARP_TILE_M) * (THREADBLOCK_TILE_N / WARP_TILE_N) * 32)

#ifndef CUCOSMAV1_CUH_
#define CUCOSMAV1_CUH_

/**
 * Loads the current tile of A from global memory into shared memory using only normal (not vectorized) loads.
 * Assigns the threads in a row major way.
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param A_Shared 		The shared memory to store the tile, column major
 * @param A 			Global A, row major
 * @param lda 			lda of A
 * @param cta_k 		Start k-index of current tile
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_A_Global_Single(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
		const TYPE* __restrict__ A, const int lda, const int cta_k,
		const int block_idx_y, const int A_Shared_Offset) {

	constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K + THREADS - 1) / THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K;
		const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K;

		const int global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;

		int global_j;

		if (SPLIT_K == 1) {
			global_j = cta_k + shared_j;
		} else {
			global_j = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_j;
		}

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_M * LOAD_K % THREADS == 0
				|| (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_M * LOAD_K)) {
			TYPE a;
			// If the tiles are not perfect multiples we need to make this checks.
			if ((M % THREADBLOCK_TILE_M == 0 || global_i < M)
					&& (!K_CHECK || global_j < K)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_j < THREADBLOCK_TILE_K)) {

				a = A[global_i * lda + global_j];

			} else {
				a = 0;
			}
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET) * shared_j] = a;
		}

	}

}

/**
 * Loads the current tile of A from global memory into shared memory using only float4 loads.
 * Assigns the threads in a row major way.
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param A_Shared 		The shared memory to store the tile, column major
 * @param A 			Global A, row major
 * @param lda 			Leading dimension of A
 * @param cta_k 		Start k-index of current tile
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_A_Global_Vector4(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
		const TYPE* __restrict__ A, const int lda, const int cta_k,
		const int block_idx_y, const int A_Shared_Offset) {

	constexpr int VECTORCOUNT = 4;
	constexpr int LOAD_K_VECTOR = LOAD_K / 4;

	constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K_VECTOR + THREADS - 1)
			/ THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K_VECTOR;
		const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K_VECTOR;

		const auto global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;

		int global_j;

		if (SPLIT_K == 1) {
			global_j = cta_k + shared_j * VECTORCOUNT;
		} else {
			global_j = blockIdx.z * THREADBLOCK_TILE_K + cta_k
					+ shared_j * VECTORCOUNT;
		}

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_M * LOAD_K_VECTOR % THREADS == 0
				|| (i * THREADS + threadIdx.x)
						< THREADBLOCK_TILE_M * LOAD_K_VECTOR)) {

			VECTORTYPE4 a;

			// If the tiles are not perfect multiples we need to make this checks.
			if ((M % THREADBLOCK_TILE_M == 0 || global_i < M)
					&& (!K_CHECK || global_j < K)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_j * VECTORCOUNT
									< THREADBLOCK_TILE_K)) {

				const TYPE* global_pointer = &A[global_i * lda + global_j];
				a = reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];

			} else {

				a.x = 0.0;
				a.y = 0.0;
				a.z = 0.0;
				a.w = 0.0;

			}

			// We need to store A in this non vectorized way, because global A is in row major format and shared A is column major format.
			// We cannot store shared A in row major format because we would not be able to load from shared memeory to the registers in an efficient way.
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 0)] = a.x;
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 1)] = a.y;
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 2)] = a.z;
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 3)] = a.w;

		}
	}

}

/**
 * Loads the current tile of A from global memory into shared memory using only float2 loads.
 * Assigns the threads in a row major way.
 *
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param A_Shared 		The shared memory to store the tile, column major
 * @param A 			Global A, row major
 * @param lda 			Leading dimension of A
 * @param cta_k 		Start k-index of current tile
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_A_Global_Vector2(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
		const TYPE* __restrict__ A, const int lda, const int cta_k,
		const int block_idx_y, const int A_Shared_Offset) {

	constexpr int VECTORCOUNT = 2;
	constexpr int LOAD_K_VECTOR = LOAD_K / 2;

	constexpr int TIMES = (THREADBLOCK_TILE_M * LOAD_K_VECTOR + THREADS - 1)
			/ THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x) % LOAD_K_VECTOR;
		const int shared_i = (i * THREADS + threadIdx.x) / LOAD_K_VECTOR;

		const auto global_i = block_idx_y * THREADBLOCK_TILE_M + shared_i;

		int global_j;

		if (SPLIT_K == 1) {
			global_j = cta_k + shared_j * VECTORCOUNT;
		} else {
			global_j = blockIdx.z * THREADBLOCK_TILE_K + cta_k
					+ shared_j * VECTORCOUNT;
		}

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_M * LOAD_K_VECTOR % THREADS == 0
				|| (i * THREADS + threadIdx.x)
						< THREADBLOCK_TILE_M * LOAD_K_VECTOR)) {

			VECTORTYPE2 a;

			// If the tiles are not perfect multiples we need to make this checks.
			if ((M % THREADBLOCK_TILE_M == 0 || global_i < M)
					&& (!K_CHECK || global_j < K)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_j * VECTORCOUNT
									< THREADBLOCK_TILE_K)) {

				const TYPE* global_pointer = &A[global_i * lda + global_j];
				a = reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];

			} else {

				a.x = 0;
				a.y = 0;
			}

			// We need to store A in this non vectorized way, because global A is in row major format and shared A is column major format.
			// We cannot store shared A in row major format because we would not be able to load from shared memeory to the registers in an efficient way
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 0)] = a.x;
			(*A_Shared)[A_Shared_Offset + shared_i
					+ (THREADBLOCK_TILE_M + A_OFFSET)
							* (shared_j * VECTORCOUNT + 1)] = a.y;
		}
	}

}

/**
 * Loads the current tile of A from global memory into shared memory using only float2 loads.
 * Assigns the threads in a row major way.
 *
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param B_Shared 		The shared memory to store the tile, row major.
 * @param B				Global B, row major
 * @param ldb			Leading dimension of B
 * @param cta_k			Start k-index of current tile
 * @param block_idx_x	The blockId in the x dimension of the current block, it has not to be equal to blockIdx.x because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_B_Global_Vector4(
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
		const TYPE* __restrict__ B, const int ldb, const int cta_k,
		const int block_idx_x, const int B_Shared_Offset) {

	constexpr int VECTORCOUNT = 4;

	constexpr int THREADBLOCK_TILE_N_VECTOR = THREADBLOCK_TILE_N / VECTORCOUNT;

	constexpr int TIMES = (THREADBLOCK_TILE_N_VECTOR * LOAD_K + THREADS - 1)
			/ THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x)
				% THREADBLOCK_TILE_N_VECTOR;
		const int shared_i = (i * THREADS + threadIdx.x)
				/ THREADBLOCK_TILE_N_VECTOR;

		int global_i;

		if (SPLIT_K == 1) {
			global_i = cta_k + shared_i;
		} else {
			global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
		}

		const auto global_j = block_idx_x * THREADBLOCK_TILE_N
				+ shared_j * VECTORCOUNT;

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_N_VECTOR * LOAD_K % THREADS == 0
				|| (i * THREADS + threadIdx.x)
						< THREADBLOCK_TILE_N_VECTOR * LOAD_K)) {

			// If the tiles are not perfect multiples we need to make this checks.
			if ((!K_CHECK || global_i < K)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_i < THREADBLOCK_TILE_K)) {

				const TYPE* global_pointer = &B[global_i * ldb + global_j];
				VECTORTYPE4 a2 =
						reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];

				reinterpret_cast<VECTORTYPE4*>(B_Shared)[B_Shared_Offset / 4
						+ shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = a2;

			} else {

				VECTORTYPE4 zero;
				zero.x = 0;
				zero.y = 0;
				zero.z = 0;
				zero.w = 0;

				reinterpret_cast<VECTORTYPE4*>(B_Shared)[B_Shared_Offset / 4
						+ shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] =
						zero;

			}
		}
	}

}

/**
 * Loads the current tile of B from global memory into shared memory using only float2 loads.
 * Assigns the threads in a row major way.
 *
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param B_Shared 		The shared memory to store the tile, row major.
 * @param B				Global B, row major
 * @param ldb			Leading dimension of B
 * @param cta_k			Start k-index of current tile
 * @param block_idx_x	The blockId in the x dimension of the current block, it has not to be equal to blockIdx.x because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_B_Global_Vector2(
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
		const TYPE* __restrict__ B, const int ldb, const int cta_k,
		const int block_idx_x, const int B_Shared_Offset) {

	constexpr int VECTORCOUNT = 2;

	constexpr int THREADBLOCK_TILE_N_VECTOR = THREADBLOCK_TILE_N / VECTORCOUNT;

	constexpr int TIMES = (THREADBLOCK_TILE_N_VECTOR * LOAD_K + THREADS - 1)
			/ THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x)
				% THREADBLOCK_TILE_N_VECTOR;
		const int shared_i = (i * THREADS + threadIdx.x)
				/ THREADBLOCK_TILE_N_VECTOR;

		int global_i;

		if (SPLIT_K == 1) {
			global_i = cta_k + shared_i;
		} else {
			global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
		}

		const auto global_j = block_idx_x * THREADBLOCK_TILE_N
				+ shared_j * VECTORCOUNT;

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_N_VECTOR * LOAD_K % THREADS == 0
				|| (i * THREADS + threadIdx.x)
						< THREADBLOCK_TILE_N_VECTOR * LOAD_K)) {

			// If the tiles are not perfect multiples we need to make this checks.
			if ((!K_CHECK || global_i < K)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_i < THREADBLOCK_TILE_K)) {

				const TYPE* global_pointer = &B[global_i * ldb + global_j];
				VECTORTYPE2 a2 =
						reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];

				reinterpret_cast<VECTORTYPE2*>(B_Shared)[B_Shared_Offset / 2
						+ shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] = a2;

			} else {

				VECTORTYPE2 zero;
				zero.x = 0;
				zero.y = 0;

				reinterpret_cast<VECTORTYPE2*>(B_Shared)[B_Shared_Offset / 2
						+ shared_i * THREADBLOCK_TILE_N_VECTOR + shared_j] =
						zero;

			}
		}
	}

}

/**
 * Loads the current tile of B from global memory into shared memory using only normal (non-vectorized) loads.
 * Assigns the threads in a row major way.
 *
 *
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * Note: The above are not the same if one uses SPLIT_K > 1, otherwise they are equivalent
 *
 * @param B_Shared 		The shared memory to store the tile, row major.
 * @param B				Global B, row major
 * @param ldb			Leading dimension of B
 * @param cta_k			Start k-index of current tile
 * @param block_idx_x	The blockId in the x dimension of the current block, it has not to be equal to blockIdx.x because we can manually remap it
 */
template<bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_B_Global_Single(
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
		const TYPE* __restrict__ B, const int ldb, const int cta_k,
		const int block_idx_x, const int B_Shared_Offset) {

	constexpr int TIMES = (THREADBLOCK_TILE_N * LOAD_K + THREADS - 1) / THREADS;

#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int shared_j = (i * THREADS + threadIdx.x) % THREADBLOCK_TILE_N;
		const int shared_i = (i * THREADS + threadIdx.x) / THREADBLOCK_TILE_N;

		int global_i;

		if (SPLIT_K == 1) {
			global_i = cta_k + shared_i;
		} else {
			global_i = blockIdx.z * THREADBLOCK_TILE_K + cta_k + shared_i;
		}

		const auto global_j = block_idx_x * THREADBLOCK_TILE_N + shared_j;

		// If the threads do not evenly divide the whole tile, we need to make this check.
		if ((THREADBLOCK_TILE_N * LOAD_K % THREADS == 0
				|| (i * THREADS + threadIdx.x) < THREADBLOCK_TILE_N * LOAD_K)) {
			TYPE a;

			// If the tiles are not perfect multiples we need to make this checks.
			if ((!K_CHECK || global_i < K)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)
					&& (!THREADBLOCK_TILE_K_CHECK
							|| cta_k + shared_i < THREADBLOCK_TILE_K)) {

				a = B[global_i * ldb + global_j];

			} else {
				a = 0;
			}
			(*B_Shared)[B_Shared_Offset + shared_i * THREADBLOCK_TILE_N
					+ shared_j] = a;
		}

	}
}

/**
 * This function decides what kind of load we should use for loading A from global memory into shared memory.
 * Basically it tries to use float4, float2 and then normal loads, in this order.
 * There is a check if we can divide the tile between the threads without having to make bound checks. If this is possible we prefer it.
 *
 *
 * @param useVector4 					Specifies if we are allowed to use float4 loads
 * @param useVector2					Specifies if we are allowed to use float2 loads
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 *
 * @param A_Shared 		The shared memory to store the tile, column major
 * @param A 			Global A, row major
 * @param lda 			Leading dimension of A
 * @param cta_k 		Start k-index of current tile
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
template<bool useVector4, bool useVector2, bool K_CHECK,
		bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_A_Global(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
		const TYPE* __restrict__ A, const int lda, const int cta_k,
		const int block_idx_y, const int A_Shared_Offset) {

	if ((THREADBLOCK_TILE_M * (LOAD_K / 4)) % THREADS == 0 && useVector4) {

		load_A_Global_Vector4<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	} else if ((THREADBLOCK_TILE_M * (LOAD_K / 2)) % THREADS == 0
			&& useVector2) {

		load_A_Global_Vector4<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	} else if ((THREADBLOCK_TILE_M * LOAD_K) % THREADS == 0) {

		load_A_Global_Single<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	} else if (useVector4) {

		load_A_Global_Vector4<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	} else if (useVector2) {

		load_A_Global_Vector2<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	} else {

		load_A_Global_Single<K_CHECK, THREADBLOCK_TILE_K_CHECK>(A_Shared, A,
				lda, cta_k, block_idx_y, A_Shared_Offset);

	}

}

/**
 * This function decides what kind of load we should use for loading B from global memory into shared memory.
 * Here we have to pay attention, because we cannot always use vector loads
 * for the rightmost block.
 *
 * @param useVector4 					Specifies if we are allowed to use float4 loads
 * @param useVector2					Specifies if we are allowed to use float2 loads
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 *
 * @param B_Shared 		The shared memory to store the tile, row major.
 * @param B				Global B, row major
 * @param ldb			Leading dimension of B
 * @param cta_k			Start k-index of current tile
 * @param block_idx_x	The blockId in the x dimension of the current block, it has not to be equal to blockIdx.x because we can manually remap it
 */
template<bool useVector4, bool useVector2, bool K_CHECK,
		bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_B_Global(
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
		const TYPE* __restrict__ B, const int ldb, const int cta_k,
		const int block_idx_x, const int B_Shared_Offset) {

	if (((THREADBLOCK_TILE_N / 4) * LOAD_K) % THREADS == 0 && useVector4) {
		load_B_Global_Vector4<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);

	} else if (((THREADBLOCK_TILE_N / 2) * LOAD_K) % THREADS == 0
			&& useVector2) {
		load_B_Global_Vector2<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);

	} else if ((THREADBLOCK_TILE_N * LOAD_K) % THREADS == 0) {
		load_B_Global_Single<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);

	} else if (useVector4) {
		load_B_Global_Vector4<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);

	} else if (useVector2) {
		load_B_Global_Vector2<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);

	} else {
		load_B_Global_Single<K_CHECK, THREADBLOCK_TILE_K_CHECK>(B_Shared, B,
				ldb, cta_k, block_idx_x, B_Shared_Offset);
	}

}

/**
 * This function loads the current global tiles into shared memory.
 *
 *
 * @param A_useVector4 					Specifies if we are allowed to use float4 loads for loading A
 * @param A_useVector2					Specifies if we are allowed to use float2 loads for loading A
 * @param B_useVector4 					Specifies if we are allowed to use float4 loads for loading B
 * @param B_useVector2					Specifies if we are allowed to use float2 loads for loading B
 * @param K_CHECK 						Defines whether or not we need to check if we read out of bounds (< K)
 * @param THREADBLOCK_TILE_K_CHECK		Defines whether or not we need to check if we read out of bounds (< THREADBLOCK_TILE_K)
 *
 * @param A_Shared		The shared memory to store the tile, column major
 * @param B_Shared		The shared memory to store the tile, row major.
 * @param A				Global A, row major
 * @param B				Global B, row major
 * @param lda 			Leading dimension of A
 * @param ldb			Leading dimension of B
 * @param cta_k 		Start k-index of current tile
 * @param block_idx_x 	The blockId in the x dimension of the current block, it has not to be equal to blockIdx.x because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
template<bool A_useVector4, bool A_useVector2, bool B_useVector4,
		bool B_useVector2, bool K_CHECK, bool THREADBLOCK_TILE_K_CHECK>
__device__ __inline__ void load_Global(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
		const TYPE* __restrict__ A, const TYPE* __restrict__ B, const int lda,
		const int ldb, const int cta_k, const int block_idx_x,
		const int block_idx_y, const int A_Shared_Offset,
		const int B_Shared_Offset) {

	// Load A into shared memory

	load_A_Global<A_useVector4, A_useVector2, K_CHECK, THREADBLOCK_TILE_K_CHECK>(
			A_Shared, A, lda, cta_k, block_idx_y, A_Shared_Offset);

	// Load B into shared memory

	load_B_Global<B_useVector4, B_useVector2, K_CHECK, THREADBLOCK_TILE_K_CHECK>(
			B_Shared, B, ldb, cta_k, block_idx_x, B_Shared_Offset);
}

/**
 * This function is the innermost loop and performs the actual multiplication.
 *
 *
 * 		  * * * *
 * 		+ . . . .
 * 		+ . . . .
 * 		+ . . . .
 * 		+ . . . .
 *
 *
 *
 *
 *
 * @param A_register 	Values needed from A. (+)
 * @param B_register	Values needed from B. (*)
 * @param Thread_Tile 	The accumulator used to accumulate the result. (.)
 */
__device__ __inline__ void compute_inner(
		const TYPE (* __restrict__ A_register)[ THREAD_TILE_M],
		const TYPE (* __restrict__ B_register)[ THREAD_TILE_N],
		TYPE (*Thread_Tile)[THREAD_TILE_M * THREAD_TILE_N]) {

#pragma unroll
	for (int i = 0; i < THREAD_TILE_M; ++i) {
#pragma unroll
		for (int j = 0; j < THREAD_TILE_N; ++j) {

			TYPE a = (*A_register)[i];
			TYPE b = (*B_register)[j];

			(*Thread_Tile)[i * THREAD_TILE_N + j] += a * b;
		}

	}

}

/**
 * This function loads the values of A from shared memory into registers.
 *
 * @param A_Shared			The shared memory to store the tile, column major
 * @param A_register		Registers to store A
 * @param k					Current k index to load
 * @param WarpIdy			The WarpId in the y dimension of the current thread
 * @param LaneIdy			The LaneId in the y dimension of the current thread
 * @param A_Shared_Offset	Offset used to access A_Shared due to double buffering
 */
__device__ __inline__ void load_A_Shared(
		const TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET)
				* LOAD_K],
		TYPE (* __restrict__ A_register)[ THREAD_TILE_M], const int k,
		const int WarpIdy, const int LaneIdy, const int A_Shared_Offset) {

	constexpr int TIMES = THREAD_TILE_M / 4;

	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int Shared_j = k;

// We use as many float4 loads as we can
#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int Shared_i = WarpIdy * WARP_TILE_M + i * M_THREADS * 4
				+ LaneIdy * 4;

		const TYPE* shared_mem_pointer = &(*A_Shared)[A_Shared_Offset + Shared_i
				+ (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];

		const VECTORTYPE4 a =
				reinterpret_cast<const VECTORTYPE4*>(shared_mem_pointer)[0];

		TYPE* register_ptr = &(*A_register)[i * 4];

		reinterpret_cast<VECTORTYPE4*>(register_ptr)[0] = a;

	}

// If there is a rest greater equal 2, we can use one more float 2 load
	if (THREAD_TILE_M % 4 >= 2) {

		const int Shared_i = WarpIdy * WARP_TILE_M + TIMES * M_THREADS * 4
				+ LaneIdy * 2;

		const TYPE* shared_mem_pointer = &(*A_Shared)[A_Shared_Offset + Shared_i
				+ (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];

		const VECTORTYPE2 a =
				reinterpret_cast<const VECTORTYPE2*>(shared_mem_pointer)[0];

		TYPE* register_ptr = &(*A_register)[TIMES * 4];

		reinterpret_cast<VECTORTYPE2*>(register_ptr)[0] = a;

	}

// And use one single load in the end, if there is still some rest
	if (THREAD_TILE_M % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_SHARED =
				(THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_M % 4 >= 2) ? 2 : 0;

		const int Shared_i = WarpIdy * WARP_TILE_M + TIMES * M_THREADS * 4
				+ LaneIdy + ADDITIONAL_OFFSET_SHARED;

		(*A_register)[TIMES * 4 + ADDITIONAL_OFFSET_REGISTER] =
				(*A_Shared)[A_Shared_Offset + Shared_i
						+ (THREADBLOCK_TILE_M + A_OFFSET) * Shared_j];

	}

}

/**
 * This function loads the values of B from shared memory into registers.
 *
 * @param B_Shared			The shared memory to store the tile, row major
 * @param B_register		Registers to store B
 * @param k					Current k index to load
 * @param WarpIdx			The WarpId in the x dimension of the current thread
 * @param LaneIdx			The LaneId in the x dimension of the current thread
 * @param B_Shared_Offset 	Offset used to access B_Shared due to double buffering
 */
__device__ __inline__ void load_B_Shared(
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
TYPE (* __restrict__ B_register)[ THREAD_TILE_N], const int k,
		const int WarpIdx, const int LaneIdx, const int B_Shared_Offset) {

	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;

	constexpr int TIMES = THREAD_TILE_N / 4;

	const int Shared_i = k;

// We use as many float4 loads as we can
#pragma unroll
	for (int i = 0; i < TIMES; i++) {

		const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx * 4
				+ i * N_THREADS * 4;

		const TYPE* shared_mem_pointer = &(*B_Shared)[B_Shared_Offset
				+ Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];

		const VECTORTYPE4 a =
				reinterpret_cast<const VECTORTYPE4*>(shared_mem_pointer)[0];

		TYPE* register_ptr = &(*B_register)[i * 4];

		reinterpret_cast<VECTORTYPE4*>(register_ptr)[0] = a;

	}

// If there is a rest greater equal 2, we can use one more float 2 load
	if (THREAD_TILE_N % 4 >= 2) {

		const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx * 2
				+ TIMES * N_THREADS * 4;

		const TYPE* shared_mem_pointer = &(*B_Shared)[B_Shared_Offset
				+ Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];

		const VECTORTYPE2 a =
				reinterpret_cast<const VECTORTYPE2*>(shared_mem_pointer)[0];

		TYPE* register_ptr = &(*B_register)[TIMES * 4];

		reinterpret_cast<VECTORTYPE2*>(register_ptr)[0] = a;

	}

// And use one single load in the end, if there is still some rest
	if (THREAD_TILE_N % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_SHARED =
				(THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_N % 4 >= 2) ? 2 : 0;

		const int Shared_j = WarpIdx * WARP_TILE_N + LaneIdx
				+ TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_SHARED;

		(*B_register)[TIMES * 4 + ADDITIONAL_OFFSET_REGISTER] =
				(*B_Shared)[B_Shared_Offset
						+ Shared_i * (THREADBLOCK_TILE_N + B_OFFSET) + Shared_j];

	}

}

/**
 *
 * This function loads the values of A and B from shared memory into registers.
 *
 * @param A_Shared			The shared memory to store the tile, column major
 * @param A_register		Registers to store A
 * @param B_Shared			The shared memory to store the tile, row major
 * @param B_register		Registers to store B
 * @param k					Current k index to load
 * @param WarpIdx			The WarpId in the x dimension of the current thread
 * @param WarpIdy			The WarpId in the y dimension of the current thread
 * @param LaneIdx			The LaneId in the x dimension of the current thread
 * @param LaneIdy			The LaneId in the y dimension of the current thread
 * @param A_Shared_Offset 	Offset used to access A_Shared due to double buffering
 * @param B_Shared_Offset 	Offset used to access B_Shared due to double buffering
 */
__device__ __inline__ void load_Shared(
TYPE (* __restrict__ A_Shared)[2 * (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K],
TYPE (* __restrict__ A_register)[THREAD_TILE_M],
TYPE (* __restrict__ B_Shared)[2 * LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET)],
TYPE (* __restrict__ B_register)[THREAD_TILE_N], const int k, const int WarpIdx,
		const int WarpIdy, const int LaneIdx, const int LaneIdy,
		const int A_Shared_Offset, const int B_Shared_Offset) {

	load_A_Shared(A_Shared, A_register, k, WarpIdy, LaneIdy, A_Shared_Offset);

	load_B_Shared(B_Shared, B_register, k, WarpIdx, LaneIdx, B_Shared_Offset);
}

/**
 * This function loads one row of C using vector loads whenever possible.
 *
 *
 * @param Thread_Tile		The accumulator used to accumulate the result.
 * @param C					Global C, row major
 * @param ldc				Leading dimension of C
 * @param WarpIdx			The WarpId in the x dimension of the current thread
 * @param LaneIdx			The LaneId in the x dimension of the current thread
 * @param global_i			The row to load
 * @param Threadtile_i		The row in the accumulator where to store the loaded row
 * @param block_idx_x		The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
__device__ __inline__ void load_C_OneRow_Vector(TYPE * __restrict__ Thread_Tile,
		const TYPE * __restrict__ C, const int ldc, const int WarpIdx,
		const int LaneIdx, const int global_i, const int Threadtile_i,
		const int block_idx_x) {

	constexpr int N_TIMES = THREAD_TILE_N / 4;
	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
	const int global_j_upleft = block_idx_x * THREADBLOCK_TILE_N
			+ WarpIdx * WARP_TILE_N;

// We use as many float4 loads as we can
#pragma unroll
	for (int j = 0; j < N_TIMES; j++) {

		const int global_j = global_j_upleft + LaneIdx * 4 + j * N_THREADS * 4;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			const TYPE* global_pointer = &C[global_i * ldc + global_j];

			TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + j * 4];

			VECTORTYPE4 a2 =
					reinterpret_cast<const VECTORTYPE4*>(global_pointer)[0];

			reinterpret_cast<VECTORTYPE4*>(a)[0] += BETA * a2;

		}

	}

// If there is a rest greater equal 2, we can use one more float 2 load
	if (THREAD_TILE_N % 4 >= 2) {

		const int global_j = global_j_upleft + LaneIdx * 2
				+ N_TIMES * N_THREADS * 4;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			const TYPE* global_pointer = &C[global_i * ldc + global_j];

			TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N + N_TIMES * 4];

			VECTORTYPE2 a2 =
					reinterpret_cast<const VECTORTYPE2*>(global_pointer)[0];

			reinterpret_cast<VECTORTYPE2*>(a)[0] += BETA * a2;

		}

	}

// And use one single load in the end, if there is still some rest
	if (THREAD_TILE_N % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_N % 4 >= 2) ? 2 : 0;

		const int global_j = global_j_upleft + LaneIdx + N_TIMES * N_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			Thread_Tile[Threadtile_i * THREAD_TILE_N + N_TIMES * 4
					+ ADDITIONAL_OFFSET_REGISTER] += BETA
					* C[global_i * ldc + global_j];

		}

	}

}

/**
 * This function loads one row of C using only scalar loads
 *
 *
 * @param Thread_Tile			The accumulator used to accumulate the result.
 * @param C						Global C, row major
 * @param ldc					Leading dimension of C
 * @param WarpIdx				The WarpId in the x dimension of the current thread
 * @param LaneIdx				The LaneId in the x dimension of the current thread
 * @param LaneIdy				The LaneId in the y dimension of the current thread
 * @param global_i				The row to load
 * @param Threadtile_i			The row in the accumulator where to store the loaded row
 * @param block_idx_x			The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param THREAD_TILE_Y_HEIGHT	The height of the current thread tile in the y dimension
 * @param Shared				The shared memory to perform the epilogue shuffle
 */
__device__ __inline__ void load_C_OneRow_Single(TYPE * __restrict__ Thread_Tile,
		const TYPE * __restrict__ C, const int ldc, const int WarpIdx,
		const int LaneIdx, const int LaneIdy, const int global_i_upleft,
		const int Threadtile_i, const int block_idx_x,
		const int THREAD_TILE_Y_HEIGHT,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {

	constexpr int N_TIMES = THREAD_TILE_N / 4;

	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;
	constexpr int SHARED_MEM_PER_WARP = 192;

	const int threadId = threadIdx.x % 32;

	const int WarpId = threadIdx.x / 32;

#pragma unroll
	for (int j = 0; j < N_TIMES; j++) {

		constexpr int EPILOGUE_N = N_THREADS * 4; // Size N of the epilogue tile

		const int epilogue_i_write = LaneIdy; // i index in the epilogue tile
		const int epilogue_j_write = LaneIdx * 4; // j index in the epilogue tile

		// M_THREADS: 1, EPILOGUE_OFFSET: 0
		// M_THREADS: 2, EPILOGUE_OFFSET: 16
		// M_THREADS: 4, EPILOGUE_OFFSET: 8
		// M_THREADS: 8, EPILOGUE_OFFSET: 4
		// M_THREADS: 16, EPILOGUE_OFFSET:2
		// M_THREADS: 32, EPILOGUE_OFFSET: 1
		constexpr int EPILOGUE_OFFSET = (M_THREADS == 1) ? 0 :
										(M_THREADS == 2) ? 16 :
										(M_THREADS == 4) ? 8 :
										(M_THREADS == 8) ? 4 :
										(M_THREADS == 16) ? 4 : 0;

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		if (EPILOGUE_N <= 32) {

			const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
			const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

			const int global_i = global_i_upleft
					+ threadIdIdy_epilogue * (4 * THREAD_TILE_Y_HEIGHT);
			const int global_j = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
					+ j * N_THREADS * 4;

			TYPE a0, a1, a2, a3;

			if (SPLIT_K == 1) {
				if ((M % THREADBLOCK_TILE_M == 0
						|| global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a2 = C[(global_i + 2 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a3 = C[(global_i + 3 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}
			}

			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 4 + 0)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a0;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 4 + 1)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a1;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 4 + 2)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a2;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 4 + 3)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a3;

		} else if (EPILOGUE_N == 64) {

			const int threadIdIdx_epilogue_1 = threadId;
			const int threadIdIdx_epilogue_2 = threadId + 32;

			const int global_i = global_i_upleft;

			const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_1;
			const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_2;

			TYPE a0, a1, a2, a3;

			if (SPLIT_K == 1) {
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
					a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_1];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
					a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_1];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
					a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_2];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
					a3 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_2];
				}

			}

			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_1] = a0;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_1] = a1;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_2] = a2;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_2] = a3;

		}

		else if (EPILOGUE_N == 128) {

			const int threadIdIdx_epilogue_1 = threadId;
			const int threadIdIdx_epilogue_2 = threadId + 32;
			const int threadIdIdx_epilogue_3 = threadId + 64;
			const int threadIdIdx_epilogue_4 = threadId + 96;

			const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_1;
			const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_2;
			const int global_j_3 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_3;
			const int global_j_4 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
					+ threadIdIdx_epilogue_4;

			const int global_i = global_i_upleft;

			TYPE a0, a1, a2, a3;

			// Store the values into C
			if (SPLIT_K == 1) {
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
					a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_1];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
					a1 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_2];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
					a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_3];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
					a3 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_4];
				}

			}

			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_1] = a0;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_2] = a1;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_3] = a2;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_4] = a3;

		}

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif
		const int Threadtile_j = j * 4;

		TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];

		TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId
				+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
				+ epilogue_j_write];
		reinterpret_cast<VECTORTYPE4*>(a_ptr)[0] += BETA
				* reinterpret_cast<VECTORTYPE4*>(shared_ptr)[0];

	}

	if (THREAD_TILE_N % 4 >= 2) {

		constexpr int EPILOGUE_N = N_THREADS * 2;

		const int epilogue_i_write = LaneIdy;
		const int epilogue_j_write = LaneIdx * 2;

		// M_THREADS: 1, EPILOGUE_OFFSET: 0
		// M_THREADS: 2, EPILOGUE_OFFSET: 16
		// M_THREADS: 4, EPILOGUE_OFFSET: 8
		// M_THREADS: 8, EPILOGUE_OFFSET: 4
		// M_THREADS: 16, EPILOGUE_OFFSET:0
		// M_THREADS: 32, EPILOGUE_OFFSET: 1
		constexpr int EPILOGUE_OFFSET =
				(M_THREADS == 1 || M_THREADS == 16) ? 0 :
				(M_THREADS == 32) ? 0 : (M_THREADS == 4) ? 8 :
				(M_THREADS == 2) ? 16 : 4;

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		if (EPILOGUE_N <= 32) {

			const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
			const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

			const int global_i = global_i_upleft
					+ threadIdIdy_epilogue * (2 * THREAD_TILE_Y_HEIGHT);
			const int global_j = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
					+ N_TIMES * N_THREADS * 4;

			TYPE a0, a1;

			if (SPLIT_K == 1) {
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
					a1 = C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j];
				}

			}

			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 2 + 0)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a0;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ (threadIdIdy_epilogue * 2 + 1)
							* (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue] = a1;

		} else if (EPILOGUE_N == 64) {

			const int global_i = global_i_upleft;

			const int threadIdIdx_epilogue_1 = threadId;
			const int threadIdIdx_epilogue_2 = threadId + 32;

			const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4
					+ threadIdIdx_epilogue_1;
			const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
					+ WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4
					+ threadIdIdx_epilogue_2;

			TYPE a0, a2;

			if (SPLIT_K == 1) {
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
					a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_1];
				}
				if ((M % THREADBLOCK_TILE_M == 0
						|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
						&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
					a2 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
							+ global_j_2];
				}
			}

			// Load the values
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_1] = a0;
			(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ threadIdIdx_epilogue_2] = a2;

			// Store the values into C

		}
#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		const int Threadtile_j = N_TIMES * 4;

		TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j];

		TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId
				+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
				+ epilogue_j_write];
		reinterpret_cast<VECTORTYPE2*>(a_ptr)[0] += BETA
				* reinterpret_cast<VECTORTYPE2*>(shared_ptr)[0];

	}

	if (THREAD_TILE_N % 2 > 0) {

		constexpr int EPILOGUE_N = N_THREADS;

		const int epilogue_i_write = LaneIdy;
		const int epilogue_j_write = LaneIdx;

		// M_THREADS: 1, EPILOGUE_OFFSET: 0
		// M_THREADS: 2, EPILOGUE_OFFSET: 0
		// M_THREADS: 4, EPILOGUE_OFFSET: 16
		// M_THREADS: 8, EPILOGUE_OFFSET: 0
		// M_THREADS: 16, EPILOGUE_OFFSET:0
		// M_THREADS: 32, EPILOGUE_OFFSET: 0
		constexpr int EPILOGUE_OFFSET = (M_THREADS == 4) ? 16 : 0;

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
		const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;

		const int global_i = global_i_upleft
				+ threadIdIdy_epilogue * (1 * THREAD_TILE_Y_HEIGHT);
		const int global_j = block_idx_x * THREADBLOCK_TILE_N
				+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
				+ N_TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;

		TYPE a0;

		if (SPLIT_K == 1) {
			if ((M % THREADBLOCK_TILE_M == 0
					|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
				a0 = C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc + global_j];
			}
		}

		(*Shared)[SHARED_MEM_PER_WARP * WarpId
				+ (threadIdIdy_epilogue * 1 + 0)
						* (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue] =
				a0;

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_N % 4 >= 2) ? 2 : 0;

		const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

		Thread_Tile[Threadtile_i * THREAD_TILE_N + Threadtile_j] += BETA
				* (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ epilogue_j_write];

	}

}

/**
 * This function loads C using vector loads whenever possible.
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
__device__ __inline__ void load_C_Vector(TYPE * __restrict__ Thread_Tile,
		const TYPE * __restrict__ C, const int ldc, const int WarpIdx,
		const int WarpIdy, const int LaneIdx, const int LaneIdy,
		const int block_idx_x, const int block_idx_y) {

	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int global_i_upleft = block_idx_y * THREADBLOCK_TILE_M
			+ WarpIdy * WARP_TILE_M;

	constexpr int M_TIMES = THREAD_TILE_M / 4;

#pragma unroll
	for (int i = 0; i < M_TIMES; i++) {

#pragma unroll
		for (int ii = 0; ii < 4; ii++) {

			const int global_i = global_i_upleft + LaneIdy * 4
					+ i * M_THREADS * 4 + ii;

			if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

				const int Threadtile_i = i * 4 + ii;

				load_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
						global_i, Threadtile_i, block_idx_x);
			}

		}
	}

	if (THREAD_TILE_M % 4 >= 2) {

		for (int ii = 0; ii < 2; ii++) {

			const int global_i = global_i_upleft + LaneIdy * 2
					+ M_TIMES * M_THREADS * 4 + ii;

			if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

				const int Threadtile_i = M_TIMES * 4 + ii;

				load_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
						global_i, Threadtile_i, block_idx_x);
			}

		}

	}

	if (THREAD_TILE_M % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_M % 4 >= 2) ? 2 : 0;

		const int global_i = global_i_upleft + LaneIdy + M_TIMES * M_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

			const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

			load_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
					global_i, Threadtile_i, block_idx_x);

		}

	}

}

/**
 * This function loads C using only scalar loads.
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param Shared		The shared memory to perform the epilogue shuffle
 *
 */
__device__ __inline__ void load_C_Single(TYPE * __restrict__ Thread_Tile,
		const TYPE * __restrict__ C, const int ldc, const int WarpIdx,
		const int WarpIdy, const int LaneIdx, const int LaneIdy,
		const int block_idx_x, const int block_idx_y,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {

	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int global_i_upleft = block_idx_y * THREADBLOCK_TILE_M
			+ WarpIdy * WARP_TILE_M;

	constexpr int M_TIMES = THREAD_TILE_M / 4;

#pragma unroll
	for (int i = 0; i < M_TIMES; i++) {

#pragma unroll
		for (int ii = 0; ii < 4; ii++) {

			const int global_i = global_i_upleft + +i * M_THREADS * 4 + ii;

			const int Threadtile_i = i * 4 + ii;

			load_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx, LaneIdy,
					global_i, Threadtile_i, block_idx_x, 4, Shared);

		}
	}

	if (THREAD_TILE_M % 4 >= 2) {

		for (int ii = 0; ii < 2; ii++) {

			const int global_i = global_i_upleft + +M_TIMES * M_THREADS * 4
					+ ii;

			const int Threadtile_i = M_TIMES * 4 + ii;

			load_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx, LaneIdy,
					global_i, Threadtile_i, block_idx_x, 2, Shared);

		}

	}

	if (THREAD_TILE_M % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_M % 4 >= 2) ? 2 : 0;

		const int global_i = global_i_upleft + M_TIMES * M_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

		load_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx, LaneIdy,
				global_i, Threadtile_i, block_idx_x, 1, Shared);

	}

}

/**
 * This function decides what kind of load function we should use to load C.
 * And it multiplies the accumulator with ALPHA if necessary.
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param Shared		The shared memory to perform the epilogue shuffle
 */
__device__ __inline__ void load_C(TYPE * __restrict__ Thread_Tile,
		const TYPE * __restrict__ C, const int ldc, const int WarpIdx,
		const int WarpIdy, const int LaneIdx, const int LaneIdy,
		const int block_idx_x, const int block_idx_y,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {

	if ((ALPHA != 1.0 && SPLIT_K == 1)
			|| (ALPHA != 1.0 && SPLIT_K != 1 && ATOMIC_REDUCTION)) {
#pragma unroll
		for (int i = 0; i < THREAD_TILE_M * THREAD_TILE_N; i++) {
			Thread_Tile[i] *= ALPHA;
		}
	}

	if (BETA != 0.0 && SPLIT_K == 1) {
		load_C_Vector(Thread_Tile, C, ldc, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
				block_idx_x, block_idx_y);
	}

}

/**
 * This function stores one row of C using vector loads whenever possible.
 *
 *
 *
 * @param Thread_Tile		The accumulator used to accumulate the result.
 * @param C					Global C, row major
 * @param ldc				Leading dimension of C
 * @param WarpIdx			The WarpId in the x dimension of the current thread
 * @param LaneIdx			The LaneId in the x dimension of the current thread
 * @param global_i			The row to store
 * @param Threadtile_i		The row in the accumulator
 * @param block_idx_x		The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
__device__ __inline__ void store_C_OneRow_Vector(
		const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C,
		const int ldc, const int WarpIdx, const int LaneIdx, const int global_i,
		const int Threadtile_i, const int block_idx_x) {

	constexpr int N_TIMES = THREAD_TILE_N / 4;
	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
	const int global_j_upleft = block_idx_x * THREADBLOCK_TILE_N
			+ WarpIdx * WARP_TILE_N;

#pragma unroll
	for (int j = 0; j < N_TIMES; j++) {

		const int global_j = global_j_upleft + LaneIdx * 4 + j * N_THREADS * 4;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			TYPE* global_pointer = &C[global_i * ldc + global_j];

			const int Threadtile_j = j * 4;

			const TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N
					+ Threadtile_j];

			const VECTORTYPE4 a2 = reinterpret_cast<const VECTORTYPE4*>(a)[0];

			reinterpret_cast<VECTORTYPE4*>(global_pointer)[0] = a2;

		}

	}

	if (THREAD_TILE_N % 4 >= 2) {

		const int global_j = global_j_upleft + LaneIdx * 2
				+ N_TIMES * N_THREADS * 4;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			TYPE* global_pointer = &C[global_i * ldc + global_j];

			const int Threadtile_j = N_TIMES * 4;

			const TYPE* a = &Thread_Tile[Threadtile_i * THREAD_TILE_N
					+ Threadtile_j];

			const VECTORTYPE2 a2 = reinterpret_cast<const VECTORTYPE2*>(a)[0];

			reinterpret_cast<VECTORTYPE2*>(global_pointer)[0] = a2;

		}

	}

	if (THREAD_TILE_N % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_N % 4 >= 2) ? 2 : 0;

		const int global_j = global_j_upleft + LaneIdx + N_TIMES * N_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

		if (N % THREADBLOCK_TILE_N == 0 || global_j < N) {

			C[global_i * ldc + global_j] = Thread_Tile[Threadtile_i
					* THREAD_TILE_N + Threadtile_j];

		}

	}

}

/**
 * This function stores one row of C using scalar loads whenever possible.
 *
 *
 *
 * @param Thread_Tile			The accumulator used to accumulate the result.
 * @param C						Global C, row major
 * @param ldc					Leading dimension of C
 * @param WarpIdx				The WarpId in the x dimension of the current thread
 * @param LaneIdx				The LaneId in the x dimension of the current thread
 * @param global_i				The row to store
 * @param Threadtile_i			The row in the accumulator
 * @param block_idx_x			The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param THREAD_TILE_Y_HEIGHT	The height of the current thread tile in the y dimension
 * @param Shared				The shared memory to perform the epilogue shuffle
 */
__device__ __inline__ void store_C_OneRow_Single(
		const TYPE * __restrict__ Thread_Tile, TYPE * __restrict__ C,
		const int ldc, const int WarpIdx, const int LaneIdx, const int LaneIdy,
		const int global_i_upleft, const int Threadtile_i,
		const int block_idx_x,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192],
		const int THREAD_TILE_Y_HEIGHT) {
	constexpr int N_TIMES = THREAD_TILE_N / 4;

	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int split_K_OFFSET = (SPLIT_K != 1) ? (blockIdx.z * M * N) : 0;

	constexpr int SHARED_MEM_PER_WARP = 192;

	const int threadId = threadIdx.x % 32;

	const int WarpId = threadIdx.x / 32;

	{

		constexpr int EPILOGUE_N = N_THREADS * 4;

		const int epilogue_i_write = LaneIdy;
		const int epilogue_j_write = LaneIdx * 4;

		// M_THREADS: 1, EPILOGUE_OFFSET: 0
		// M_THREADS: 2, EPILOGUE_OFFSET: 16
		// M_THREADS: 4, EPILOGUE_OFFSET: 8
		// M_THREADS: 8, EPILOGUE_OFFSET: 4
		// M_THREADS: 16, EPILOGUE_OFFSET:2
		// M_THREADS: 32, EPILOGUE_OFFSET: 1
		constexpr int EPILOGUE_OFFSET = (M_THREADS == 1) ? 0 :
										(M_THREADS == 2) ? 16 :
										(M_THREADS == 4) ? 8 :
										(M_THREADS == 8) ? 4 :
										(M_THREADS == 16) ? 2 : 1;

#pragma unroll
		for (int j = 0; j < N_TIMES; j++) {

			const int Threadtile_j = j * 4;

			const TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N
					+ Threadtile_j];
			VECTORTYPE4 a_val = reinterpret_cast<const VECTORTYPE4*>(a_ptr)[0];

			TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ epilogue_j_write];
			reinterpret_cast<VECTORTYPE4*>(shared_ptr)[0] = a_val;

#if __CUDA_ARCH__ >= 700
			__syncwarp();
#endif

			if (EPILOGUE_N <= 32) {

				const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
				const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

				// Load the values
				const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 4 + 0)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];
				const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 4 + 1)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];
				const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 4 + 2)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];
				const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 4 + 3)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];

				const int global_i = global_i_upleft
						+ threadIdIdy_epilogue * (4 * THREAD_TILE_Y_HEIGHT);
				const int global_j = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
						+ j * N_THREADS * 4;

				// Store the values into C

				if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a0;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a1;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 2 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a2;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 3 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a3;
					}
				} else {
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 0 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a0);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 1 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a1);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 2 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 2 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a2);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| global_i + 3 * THREAD_TILE_Y_HEIGHT < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 3 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a3);
					}
				}

			} else if (EPILOGUE_N == 64) {

				const int threadIdIdx_epilogue_1 = threadId;
				const int threadIdIdx_epilogue_2 = threadId + 32;

				// Load the values
				const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_1];
				const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_1];
				const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_2];
				const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 1 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_2];

				const int global_i = global_i_upleft;

				const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_1;
				const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_2;

				// Store the values into C
				if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_1] = a0;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						C[split_K_OFFSET
								+ (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_1] = a1;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_2] = a2;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						C[split_K_OFFSET
								+ (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_2] = a3;
					}

				} else {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_1], a0);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						atomicAdd(
								&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_1], a1);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_2], a2);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						atomicAdd(
								&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_2], a3);
					}
				}

			} else if (EPILOGUE_N == 128) {

				const int threadIdIdx_epilogue_1 = threadId;
				const int threadIdIdx_epilogue_2 = threadId + 32;
				const int threadIdIdx_epilogue_3 = threadId + 64;
				const int threadIdIdx_epilogue_4 = threadId + 96;

				const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_1];
				const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_2];
				const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_3];
				const TYPE a3 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_4];

				const int global_i = global_i_upleft;

				const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_1;
				const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_2;
				const int global_j_3 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_3;
				const int global_j_4 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + j * N_THREADS * 4
						+ threadIdIdx_epilogue_4;

				// Store the values into C
				if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_1] = a0;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_2] = a1;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_3] = a2;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_4] = a3;
					}

				} else {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_1], a0);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_2], a1);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_3 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_3], a2);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_4 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_4], a3);
					}
				}

			}

#if __CUDA_ARCH__ >= 700
			__syncwarp();
#endif

		}
	}
	{

		constexpr int EPILOGUE_N = N_THREADS * 2;

		const int epilogue_i_write = LaneIdy;
		const int epilogue_j_write = LaneIdx * 2;

// M_THREADS: 1, EPILOGUE_OFFSET: 0
// M_THREADS: 2, EPILOGUE_OFFSET: 1
// M_THREADS: 4, EPILOGUE_OFFSET: 8
// M_THREADS: 8, EPILOGUE_OFFSET: 4
// M_THREADS: 16, EPILOGUE_OFFSET:0
// M_THREADS: 32, EPILOGUE_OFFSET: 1
		constexpr int EPILOGUE_OFFSET =
				(M_THREADS == 1 || M_THREADS == 16) ? 0 :
				(M_THREADS == 2 || M_THREADS == 32) ? 1 :
				(M_THREADS == 4) ? 8 : 4;
//		constexpr int EPILOGUE_OFFSET = 5;

		if (THREAD_TILE_N % 4 >= 2) {

			const int Threadtile_j = N_TIMES * 4;

			const TYPE* a_ptr = &Thread_Tile[Threadtile_i * THREAD_TILE_N
					+ Threadtile_j];
			VECTORTYPE2 a_val = reinterpret_cast<const VECTORTYPE2*>(a_ptr)[0];

			TYPE* shared_ptr = &(*Shared)[SHARED_MEM_PER_WARP * WarpId
					+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
					+ epilogue_j_write];
			reinterpret_cast<VECTORTYPE2*>(shared_ptr)[0] = a_val;

#if __CUDA_ARCH__ >= 700
			__syncwarp();
#endif

			if (EPILOGUE_N <= 32) {

				const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
				const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

				// Load the values
				const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 2 + 0)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];
				const TYPE a1 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ (threadIdIdy_epilogue * 2 + 1)
								* (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue];

				const int global_i = global_i_upleft
						+ threadIdIdy_epilogue * (2 * THREAD_TILE_Y_HEIGHT);
				const int global_j = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
						+ N_TIMES * N_THREADS * 4;

				// Store the values into C

				if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a0;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						C[split_K_OFFSET
								+ (global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j] = a1;
					}

				} else {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a0);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 1 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
						atomicAdd(
								&C[(global_i + 1 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j], a1);
					}

				}

			} else if (EPILOGUE_N == 64) {

				const int threadIdIdx_epilogue_1 = threadId;
				const int threadIdIdx_epilogue_2 = threadId + 32;

				// Load the values
				const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_1];
				const TYPE a2 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
						+ 0 * (EPILOGUE_N + EPILOGUE_OFFSET)
						+ threadIdIdx_epilogue_2];

				const int global_i = global_i_upleft;

				const int global_j_1 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 44
						+ threadIdIdx_epilogue_1;
				const int global_j_2 = block_idx_x * THREADBLOCK_TILE_N
						+ WarpIdx * WARP_TILE_N + N_TIMES * N_THREADS * 4
						+ threadIdIdx_epilogue_2;

				// Store the values into C
				if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_1] = a0;
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						C[split_K_OFFSET
								+ (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j_2] = a2;
					}
				} else {
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_1 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_1], a0);
					}
					if ((M % THREADBLOCK_TILE_M == 0
							|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
							&& (N % THREADBLOCK_TILE_N == 0 || global_j_2 < N)) {
						atomicAdd(
								&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
										+ global_j_2], a2);
					}
				}

			}

		}
#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif
	}
//
	if (THREAD_TILE_N % 2 > 0) {

		constexpr int EPILOGUE_N = N_THREADS;

		const int epilogue_i_write = LaneIdy;
		const int epilogue_j_write = LaneIdx;

// M_THREADS: 1, EPILOGUE_OFFSET: 0
// M_THREADS: 2, EPILOGUE_OFFSET: 0
// M_THREADS: 4, EPILOGUE_OFFSET: 22
// M_THREADS: 8, EPILOGUE_OFFSET: 0
// M_THREADS: 16, EPILOGUE_OFFSET:0
// M_THREADS: 32, EPILOGUE_OFFSET: 0
		constexpr int EPILOGUE_OFFSET = (M_THREADS == 4) ? 22 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_N % 4 >= 2) ? 2 : 0;

		const int Threadtile_j = N_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

		const TYPE a_val = Thread_Tile[Threadtile_i * THREAD_TILE_N
				+ Threadtile_j];

		(*Shared)[SHARED_MEM_PER_WARP * WarpId
				+ epilogue_i_write * (EPILOGUE_N + EPILOGUE_OFFSET)
				+ epilogue_j_write] = a_val;

#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

		const int threadIdIdx_epilogue = threadId % EPILOGUE_N;
		const int threadIdIdy_epilogue = threadId / EPILOGUE_N;

		const TYPE a0 = (*Shared)[SHARED_MEM_PER_WARP * WarpId
				+ (threadIdIdy_epilogue * 1 + 0)
						* (EPILOGUE_N + EPILOGUE_OFFSET) + threadIdIdx_epilogue];

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_N % 4 >= 2) ? N_THREADS * 2 : 0;

		const int global_i = global_i_upleft
				+ threadIdIdy_epilogue * (1 * THREAD_TILE_Y_HEIGHT);
		const int global_j = block_idx_x * THREADBLOCK_TILE_N
				+ WarpIdx * WARP_TILE_N + threadIdIdx_epilogue
				+ N_TIMES * N_THREADS * 4 + ADDITIONAL_OFFSET_GLOBAL;

		if (SPLIT_K == 1 || !ATOMIC_REDUCTION) {
			if ((M % THREADBLOCK_TILE_M == 0
					|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
				C[split_K_OFFSET + (global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
						+ global_j] = a0;
			}
		} else {
			if ((M % THREADBLOCK_TILE_M == 0
					|| (global_i + 0 * THREAD_TILE_Y_HEIGHT) < M)
					&& (N % THREADBLOCK_TILE_N == 0 || global_j < N)) {
				atomicAdd(
						&C[(global_i + 0 * THREAD_TILE_Y_HEIGHT) * ldc
								+ global_j], a0);
			}
		}
#if __CUDA_ARCH__ >= 700
		__syncwarp();
#endif

	}

}

/**
 * This function stores C using only scalar loads.
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param Shared		The shared memory to perform the epilogue shuffle
 */
__device__ __inline__ void store_C_Single(const TYPE * __restrict__ Thread_Tile,
TYPE * __restrict__ C, const int ldc, const int WarpIdx, const int WarpIdy,
		const int LaneIdx, const int LaneIdy, const int block_idx_x,
		const int block_idx_y,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {

	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int global_i_upleft = block_idx_y * THREADBLOCK_TILE_M
			+ WarpIdy * WARP_TILE_M;

	constexpr int M_TIMES = THREAD_TILE_M / 4;

#pragma unroll
	for (int i = 0; i < M_TIMES; i++) {

#pragma unroll
		for (int ii = 0; ii < 4; ii++) {

			const int global_i = global_i_upleft + i * M_THREADS * 4 + ii;

			const int Threadtile_i = i * 4 + ii;

			store_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
					LaneIdy, global_i, Threadtile_i, block_idx_x, Shared, 4);

		}
	}

	if (THREAD_TILE_M % 4 >= 2) {

		for (int ii = 0; ii < 2; ii++) {

			const int global_i = global_i_upleft + M_TIMES * M_THREADS * 4 + ii;

			const int Threadtile_i = M_TIMES * 4 + ii;

			store_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
					LaneIdy, global_i, Threadtile_i, block_idx_x, Shared, 2);

		}

	}

	if (THREAD_TILE_M % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_M % 4 >= 2) ? 2 : 0;

		const int global_i = global_i_upleft + M_TIMES * M_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		const int Threadtile_i = M_TIMES * 4 + ADDITIONAL_OFFSET_REGISTER;

		store_C_OneRow_Single(Thread_Tile, C, ldc, WarpIdx, LaneIdx, LaneIdy,
				global_i, Threadtile_i, block_idx_x, Shared, 1);

	}
}

/**
 * This function stores C using vector stores whenever possible
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 */
__device__ __inline__ void store_C_Vector(const TYPE * __restrict__ Thread_Tile,
TYPE * __restrict__ C, const int ldc, const int WarpIdx, const int WarpIdy,
		const int LaneIdx, const int LaneIdy, const int block_idx_x,
		const int block_idx_y) {

	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	const int global_i_upleft = block_idx_y * THREADBLOCK_TILE_M
			+ WarpIdy * WARP_TILE_M;

	constexpr int M_times = THREAD_TILE_M / 4;

#pragma unroll
	for (int i = 0; i < M_times; i++) {

#pragma unroll
		for (int ii = 0; ii < 4; ii++) {

			const int global_i = global_i_upleft + LaneIdy * 4
					+ i * M_THREADS * 4 + ii;

			if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

				const int Threadtile_i = i * 4 + ii;

				store_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
						global_i, Threadtile_i, block_idx_x);

			}

		}
	}

	if (THREAD_TILE_M % 4 >= 2) {

		for (int ii = 0; ii < 2; ii++) {

			const int global_i = global_i_upleft + LaneIdy * 2
					+ M_times * M_THREADS * 4 + ii;

			const int Threadtile_i = M_times * 4 + ii;

			if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

				store_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
						global_i, Threadtile_i, block_idx_x);

			}

		}

	}

	if (THREAD_TILE_M % 2 > 0) {

		constexpr int ADDITIONAL_OFFSET_GLOBAL =
				(THREAD_TILE_M % 4 >= 2) ? M_THREADS * 2 : 0;

		constexpr int ADDITIONAL_OFFSET_REGISTER =
				(THREAD_TILE_M % 4 >= 2) ? 2 : 0;

		const int global_i = global_i_upleft + LaneIdy + M_times * M_THREADS * 4
				+ ADDITIONAL_OFFSET_GLOBAL;

		const int Threadtile_i = M_times * 4 + ADDITIONAL_OFFSET_REGISTER;

		if (M % THREADBLOCK_TILE_M == 0 || global_i < M) {

			store_C_OneRow_Vector(Thread_Tile, C, ldc, WarpIdx, LaneIdx,
					global_i, Threadtile_i, block_idx_x);

		}

	}
}

/**
 * This function decides what kind of store function we should use to store C.
 *
 *
 * @param Thread_Tile	The accumulator used to accumulate the result.
 * @param C				Global C, row major
 * @param ldc			Leading dimension of C
 * @param WarpIdx		The WarpId in the x dimension of the current thread
 * @param WarpIdy		The WarpId in the y dimension of the current thread
 * @param LaneIdx		The LaneId in the x dimension of the current thread
 * @param LaneIdy		The LaneId in the y dimension of the current thread
 * @param block_idx_x	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param block_idx_y 	The blockId in the y dimension of the current block, it has not to be equal to blockIdx.y because we can manually remap it
 * @param Shared		The shared memory to perform the epilogue shuffle
 *
 */
__device__ __inline__ void store_C(TYPE * __restrict__ Thread_Tile,
TYPE * __restrict__ C, const int ldc, const int WarpIdx, const int WarpIdy,
		const int LaneIdx, const int LaneIdy, const int block_idx_x,
		const int block_idx_y,
		TYPE (* __restrict__ Shared)[(THREADBLOCK_TILE_M / WARP_TILE_M)
				* (THREADBLOCK_TILE_N / WARP_TILE_N) * 192]) {

//	// Relu
//#pragma unroll
//	for (int i = 0; i < THREAD_TILE_M * THREAD_TILE_N; i++) {
//		Thread_Tile[i] = fmaxf(Thread_Tile[i], 0.0);
//	}

	// Sigmoid
//#pragma unroll
//	for (int i = 0; i < THREAD_TILE_M * THREAD_TILE_N; i++) {
//		Thread_Tile[i] = 1.0f / (1.0f + expf(-Thread_Tile[i]));
//	}

	if (SPLIT_K == 1) {

		store_C_Vector(Thread_Tile, C, ldc, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
				block_idx_x, block_idx_y);

	} else {

		store_C_Single(Thread_Tile, C, ldc, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
				block_idx_x, block_idx_y, Shared);

	}

}

/**
 * Kernel for cosmaSgemm,
 *
 *
 *
 * @param A 		<type> array of dimensions lda x k
 * @param lda 		leading dimension of two-dimensional array used to store the matrix A.
 * @param B			<type> array of dimension ldb x n
 * @param ldb		leading dimension of two-dimensional array used to store matrix B.
 * @param C			<type> array of dimensions ldc x n
 * @param ldc		leading dimension of a two-dimensional array used to store the matrix C.
 */

__global__ void
__launch_bounds__(THREADS, ADDITIONAL_OCCUPANCY_SM)
cosmaSgemm_kernel(const TYPE * __restrict__ A, const int lda,
		const TYPE * __restrict__ B, const int ldb, TYPE * __restrict__ C,
		const int ldc) {

	constexpr int M_WARPS = THREADBLOCK_TILE_M / WARP_TILE_M;
	constexpr int N_WARPS = THREADBLOCK_TILE_N / WARP_TILE_N;

	constexpr int N_THREADS = WARP_TILE_N / THREAD_TILE_N;
	constexpr int M_THREADS = WARP_TILE_M / THREAD_TILE_M;

	static_assert(THREAD_TILE_N < 4 || WARP_TILE_N % 4 == 0 || N_WARPS == 1, "Threadtile smaller 4 or Warptile mod 4 for vector access");
	static_assert(THREAD_TILE_M < 4 || WARP_TILE_M % 4 == 0 || M_WARPS == 1, "Threadtile smaller 4 or Warptile mod 4 for vector access");
	static_assert(THREAD_TILE_N < 2 || WARP_TILE_N % 2 == 0 || N_WARPS == 1, "Threadtile smaller 2 or Warptile mod 2 for vector access");
	static_assert(THREAD_TILE_M < 2 || WARP_TILE_M % 2 == 0 || M_WARPS == 1, "Threadtile smaller 2 or Warptile mod 2 for vector access");
	static_assert(WARP_TILE_N % THREAD_TILE_N == 0, "Threadtile needs to divde warptile");
	static_assert(WARP_TILE_M % THREAD_TILE_M == 0, "Threadtile needs to divde warptile");
	static_assert(THREADBLOCK_TILE_M % WARP_TILE_M == 0, "Warptilde needs to divide Threadblocktile");
	static_assert(THREADBLOCK_TILE_N % WARP_TILE_N == 0, "Warptilde needs to divide Threadblocktile");
	static_assert(N_THREADS * M_THREADS == 32, "Warp has 32 Threads");

	const int WarpId = threadIdx.x / 32;
	const int threadId = threadIdx.x % 32;

	const int WarpIdx = WarpId % N_WARPS;
	const int WarpIdy = WarpId / N_WARPS;

	int LaneIdx;
	int LaneIdy;

	if (N_THREADS == 1) {

		LaneIdx = 0;
		LaneIdy = threadId;

	} else if (N_THREADS == 2) {

		LaneIdx = (((threadId & 0x60) >> 4) | (threadId & 1));
		LaneIdy = ((threadId >> 1) & (M_THREADS - 1));

	} else if (N_THREADS == 4) {

		LaneIdx = (((threadId & 0x30) >> 3) | (threadId & 1));
		LaneIdy = ((threadId >> 1) & (M_THREADS - 1));

	} else if (N_THREADS == 8) {

		LaneIdx = (((threadId & 0x18) >> 2) | (threadId & 1));
		LaneIdy = ((threadId >> 1) & (M_THREADS - 1));

	} else if (N_THREADS == 16) {

		LaneIdx = (((threadId & 0x1c) >> 1) | (threadId & 1));
		LaneIdy = ((threadId >> 1) & (M_THREADS - 1));

	} else if (N_THREADS == 32) {

		LaneIdx = threadId;
		LaneIdy = 0;
	}

	constexpr int A_SHARED_SIZE = (THREADBLOCK_TILE_M + A_OFFSET) * LOAD_K;
	constexpr int A_SHARED_BUFFER = 2 * A_SHARED_SIZE;

	constexpr int B_SHARED_SIZE = LOAD_K * (THREADBLOCK_TILE_N + B_OFFSET);
	constexpr int B_SHARED_BUFFER = 2 * B_SHARED_SIZE;

	__shared__ TYPE A_Shared[A_SHARED_BUFFER];

	__shared__ TYPE B_Shared[B_SHARED_BUFFER];

	int B_Shared_Offset_0 = 0;
	int B_Shared_Offset_1 = B_SHARED_SIZE;

	int A_Shared_Offset_0 = 0;
	int A_Shared_Offset_1 = A_SHARED_SIZE;

	int block_idx_x;
	int block_idx_y;

	if (SWIZZLE != 1) {

		block_idx_x = blockIdx.x / SWIZZLE;
		block_idx_y = (blockIdx.y * SWIZZLE) + (blockIdx.x % SWIZZLE);

		constexpr int TILE_SHAPE_M = (M + THREADBLOCK_TILE_M - 1)
				/ THREADBLOCK_TILE_M;

		if (TILE_SHAPE_M % SWIZZLE != 0 && block_idx_y >= TILE_SHAPE_M) {
			return;
		}

	} else {

		block_idx_x = blockIdx.x;
		block_idx_y = blockIdx.y;

	}

	register TYPE Thread_Tile[THREAD_TILE_M * THREAD_TILE_N];

#pragma unroll
	for (int i = 0; i < THREAD_TILE_M; ++i) {
#pragma unroll
		for (int j = 0; j < THREAD_TILE_N; ++j) {

			Thread_Tile[i * THREAD_TILE_N + j] = 0.0;

		}
	}

	register TYPE A_register_0[THREAD_TILE_M];
	register TYPE A_register_1[THREAD_TILE_M];

	register TYPE B_register_0[THREAD_TILE_N];
	register TYPE B_register_1[THREAD_TILE_N];

	constexpr int K_START = (((THREADBLOCK_TILE_K + LOAD_K - 1) / LOAD_K) - 1)
			* LOAD_K;
	int cta_k = K_START;

	int shared_memory_stage = 1;

	constexpr bool A_VECTOR_4 = (LOAD_K % 4 == 0)
			&& (SPLIT_K == 1 || THREADBLOCK_TILE_K % 4 == 0);
	constexpr bool A_VECTOR_2 = (LOAD_K % 2 == 0)
			&& (SPLIT_K == 1 || THREADBLOCK_TILE_K % 2 == 0);

	constexpr bool B_VECTOR_4 = THREADBLOCK_TILE_N % 4 == 0
			&& ((N % THREADBLOCK_TILE_N) % 4 == 0);
	constexpr bool B_VECTOR_2 = THREADBLOCK_TILE_N % 2 == 0
			&& ((N % THREADBLOCK_TILE_N) % 2 == 0);

	constexpr bool A_VECTOR_4_LAST = A_VECTOR_4
			&& (THREADBLOCK_TILE_K % LOAD_K) % 4 == 0
			&& (SPLIT_K == 1 || ( K % THREADBLOCK_TILE_K) % 4 == 0);
	constexpr bool A_VECTOR_2_LAST = A_VECTOR_2
			&& (THREADBLOCK_TILE_K % LOAD_K) % 2 == 0
			&& (SPLIT_K == 1 || ( K % THREADBLOCK_TILE_K) % 2 == 0);

	constexpr bool K_CHECK = (K % THREADBLOCK_TILE_K != 0 && SPLIT_K > 1);
	constexpr bool THREADBLOCK_TILE_K_CHECK = THREADBLOCK_TILE_K % LOAD_K != 0;

	load_Global<A_VECTOR_4_LAST, A_VECTOR_2_LAST, B_VECTOR_4, B_VECTOR_2,
			K_CHECK, THREADBLOCK_TILE_K_CHECK>(&A_Shared, &B_Shared, A, B, lda,
			ldb, cta_k, block_idx_x, block_idx_y, A_Shared_Offset_0,
			B_Shared_Offset_0);

	__syncthreads();

	cta_k -= LOAD_K;

#pragma unroll 1
	for (; cta_k >= 0; cta_k -= LOAD_K) {

#pragma unroll
		for (int k = 0; k < LOAD_K; k++) {

			if (k % 2 == 0) {
				load_Shared(&A_Shared, &A_register_0, &B_Shared, &B_register_0,
						k, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
						A_Shared_Offset_0, B_Shared_Offset_0);

			} else {

				load_Shared(&A_Shared, &A_register_1, &B_Shared, &B_register_1,
						k, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
						A_Shared_Offset_0, B_Shared_Offset_0);

			}

			if (k == LOAD_K - 1) {
				load_Global<A_VECTOR_4, A_VECTOR_2, B_VECTOR_4, B_VECTOR_2,
						(THREADBLOCK_TILE_K * SPLIT_K - K > LOAD_K), false>(
						&A_Shared, &B_Shared, A, B, lda, ldb, cta_k,
						block_idx_x, block_idx_y, A_Shared_Offset_1,
						B_Shared_Offset_1);

				__syncthreads();

			}

			if (k % 2 == 0) {

				compute_inner(&A_register_0, &B_register_0, &Thread_Tile);

			} else {

				compute_inner(&A_register_1, &B_register_1, &Thread_Tile);

			}

		}

		if (shared_memory_stage == 1) {
			B_Shared_Offset_0 = B_SHARED_SIZE;
			B_Shared_Offset_1 = 0;

			A_Shared_Offset_0 = A_SHARED_SIZE;
			A_Shared_Offset_1 = 0;

		} else {
			B_Shared_Offset_0 = 0;
			B_Shared_Offset_1 = B_SHARED_SIZE;

			A_Shared_Offset_0 = 0;
			A_Shared_Offset_1 = A_SHARED_SIZE;

		}

		shared_memory_stage ^= 1;

	}

#pragma unroll
	for (int k = 0; k < LOAD_K; k++) {

		if (k % 2 == 0) {
			load_Shared(&A_Shared, &A_register_0, &B_Shared, &B_register_0, k,
					WarpIdx, WarpIdy, LaneIdx, LaneIdy, A_Shared_Offset_0,
					B_Shared_Offset_0);

		} else {

			load_Shared(&A_Shared, &A_register_1, &B_Shared, &B_register_1, k,
					WarpIdx, WarpIdy, LaneIdx, LaneIdy, A_Shared_Offset_0,
					B_Shared_Offset_0);

		}

		if (k % 2 == 0) {

			compute_inner(&A_register_0, &B_register_0, &Thread_Tile);

		} else {

			compute_inner(&A_register_1, &B_register_1, &Thread_Tile);

		}

	}

	__shared__ TYPE C_Shared[M_WARPS * N_WARPS * 192];

	load_C(Thread_Tile, C, ldc, WarpIdx, WarpIdy, LaneIdx, LaneIdy, block_idx_x,
			block_idx_y, &C_Shared);

	store_C(Thread_Tile, C, ldc, WarpIdx, WarpIdy, LaneIdx, LaneIdy,
			block_idx_x, block_idx_y, &C_Shared);

}

/**
 * This function performs the matrix-matrix multiplication
 * C = alpha * AB  + beta * C
 * where alpha and beta are scalars, and A , B and C are matrices stored in RowMajor-major format with dimensions  A:  m Ã� k , B: k Ã� n and C: m Ã� n , respectively.
 *
 * Uses the CosmaAlgorithm
 * Assumes RowMajor layout
 *
 * @param A 		<type> array of dimensions lda x k
 * @param lda 		leading dimension of two-dimensional array used to store the matrix A.
 * @param B			<type> array of dimension ldb x n
 * @param ldb		leading dimension of two-dimensional array used to store matrix B.
 * @param C			<type> array of dimensions ldc x n
 * @param ldc		leading dimension of a two-dimensional array used to store the matrix C.
 * @return cublasStatus_t CUBLAS_STATUS_SUCCESS || CUBLAS_STATUS_NOT_INITIALIZED || CUBLAS_STATUS_INVALID_VALUE || CUBLAS_STATUS_ARCH_MISMATCH || CUBLAS_STATUS_EXECUTION_FAILED
 */
cublasStatus_t cosmaSgemm(const TYPE *__restrict__ A, const int lda,
		const TYPE * __restrict__ B, const int ldb, TYPE *__restrict__ C,
		const int ldc) {

	if (M < 0 || N < 0 || K < 0) {
		return CUBLAS_STATUS_INVALID_VALUE;
	}

	if (BETA != 1 && ((SPLIT_K > 1 && ATOMIC_REDUCTION) || ALPHA == 0)) {

		cublasHandle_t handle;
		checkCudaErrors(cublasCreate(&handle));

		const float factor = BETA;

		checkCudaErrors(cublasSscal(handle, ldc * M, &factor, C, 1));

		checkCudaErrors(cublasDestroy(handle));

		//checkCudaErrors(cudaGetLastError());
		//checkCudaErrors(cudaDeviceSynchronize());

	}
	if (ALPHA != 0) {

		constexpr int N_TILES = (N + THREADBLOCK_TILE_N - 1)
				/ THREADBLOCK_TILE_N;
		constexpr int M_TILES = (M + THREADBLOCK_TILE_M - 1)
				/ THREADBLOCK_TILE_M;

		constexpr dim3 dimBlock(THREADS, 1, 1);
		dim3 dimGrid;

		if (SWIZZLE != 1) {

			constexpr int N_TILES_SWIZZLE = N_TILES * SWIZZLE;
			constexpr int M_TILES_SWIZZLE = (M_TILES + SWIZZLE - 1) / SWIZZLE;

			dimGrid.x = N_TILES_SWIZZLE;
			dimGrid.y = M_TILES_SWIZZLE;
			dimGrid.z = SPLIT_K;

		} else {

			dimGrid.x = N_TILES;
			dimGrid.y = M_TILES;
			dimGrid.z = SPLIT_K;

		}

		if (SPLIT_K != 1 && !ATOMIC_REDUCTION) {

			TYPE* C_SPLITK;

			checkCudaErrors(
					cudaMalloc(&C_SPLITK, sizeof(TYPE) * M * N * SPLIT_K));

			cosmaSgemm_kernel<<<dimGrid, dimBlock>>>(A,lda,B,ldb,C_SPLITK,N);

			//checkCudaErrors(cudaGetLastError());
			//checkCudaErrors(cudaDeviceSynchronize());

			cosmaSplitKReduce(C, ldc, C_SPLITK);

			checkCudaErrors(cudaFree(C_SPLITK));

		} else {
			cosmaSgemm_kernel<<<dimGrid, dimBlock>>>(A,lda,B,ldb,C,ldc);
		}

	}

	return CUBLAS_STATUS_SUCCESS;

}

#endif /* CUCOSMAV1_CUH_ */


